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Abstract
We develop a theory of No¨beling manifolds similar to the theory of Hilbert space
manifolds. We show that it reflects the theory of Menger manifolds developed by
M. Bestvina [8] and is its counterpart in the realm of complete spaces. In particular
we prove the No¨beling manifold characterization conjecture.
We define the n-dimensional universal No¨beling space νn to be the subset of R2n+1
consisting of all points with at most n rational coordinates. To enable comparison
with the infinite dimensional case we let ν∞ denote the Hilbert space. We define an n-
dimensional No¨beling manifold to be a Polish space locally homeomorphic to νn. The
following theorem for n =∞ is the characterization theorem of H. Torun´czyk [36]. We
establish it for n <∞, where it was known as the No¨beling manifold characterization
conjecture.
Characterization theorem An n-dimensional Polish ANE(n)-space is a No¨beling
manifold if and only if it is strongly universal in dimension n.
The following theorem was proved by D. W. Henderson and R. Schori [23] for
n =∞. We establish it in the finite dimensional case.
Topological rigidity theorem. Two n-dimensional No¨beling manifolds are home-
omorphic if and only if they are n-homotopy equivalent.
We also establish the open embedding theorem, the Z-set unknotting theorem,
the local Z-set unknotting theorem and the sum theorem for No¨beling manifolds.
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Charakteryzacja i Topologiczna Sztywnos´c´ Rozmaitos´ci No¨belinga
Streszczenie
Celem niniejszej rozprawy jest rozwinie¸cie skon´czenie wymiarowego odpowied-
nika klasycznego dzia lu topologii nieskon´czenie wymiarowej: teorii rozmaitos´ci mode-
lowanych na przestrzeni Hilberta. W szczego´lnos´ci dowodzimy skon´czenie wymiarowej
wersji twierdzenia Torun´czyka o charakteryzacji.
Twierdzenie o charakteryzacji. Polska n-wymiarowa ANE(n)-przestrzen´ jest roz-
maitos´cia¸ No¨belinga jedynie jes´li jest mocno uniwersalna w wymiarze n.
Dowodzimy tez˙ skon´czenie wymiarowej wersji twierdzenia Hendersona klasy-
fikuja¸ego rozmaitos´ci modelowane na przestrzeni Hilberta.
Twierdzenie o sztywnos´ci. Dwie n-wymiarowe rozmaitos´ci No¨belinga sa¸ homeo-
morficzne jedynie jes´li sa¸ n-homotopijnie ro´wnowaz˙ne.
Poza tym dowodzimy twierdzenia o jednakowym po loz˙eniu Z-zbioro´w, jego
lokalnej wersji, twierdzenia o otwartym zanurzeniu i twierdzenia o sumie dla roz-
maitos´ci No¨belinga.
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Part I
Introduction and preliminaries

Chapter 1
Introduction
,,Perhaps this [characterization conjecture for No¨beling manifolds]
is one of the most exciting problems of general topology”.
A. N. Dranishnikov [16]
The aim of this paper is to develop a theory of No¨beling manifolds similar to the
theory of Hilbert space manifolds. In particular, the No¨beling manifold characteriza-
tion conjecture is proven.
We define the n-dimensional universal No¨beling space νn to be the set of all points
of R2n+1 with at most n rational coordinates. To enable comparison with the infinite
dimensional case we let ν∞ denote the Hilbert space R∞. We define an n-dimensional
No¨beling manifold to be a Polish space locally homeomorphic to νn. The following
theorem for n = ∞ is the characterization theorem of H. Torun´czyk [36]. We es-
tablish it for n < ∞, where it was known as the No¨beling manifold characterization
conjecture [13, 15, 27, 39].
Characterization theorem. An n-dimensional Polish space is a No¨beling manifold
if and only if it is an absolute neighborhood extensor in dimension n that is strongly
universal in dimension n.
D. W. Henderson and R. Schori proved [23] the following theorem for n =∞. We
give a proof of the finite dimensional case.
Topological rigidity theorem. Two n-dimensional No¨beling manifolds are home-
omorphic if and only if they are n-homotopy equivalent.
Topological rigidity and characterization theorems imply a characterization the-
orem for No¨beling spaces: every n-dimensional strongly universal Polish absolute
extensor in dimension n is homeomorphic to the n-dimensional No¨beling space. An-
other consequence of topological rigidity theorem is the open embedding theorem.
For n = ∞ it was proved by Henderson [22]. We prove it in the finite dimensional
case.
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Open embedding theorem. Every n-dimensional No¨beling manifold is homeomor-
phic to an open subset of the n-dimensional No¨beling space.
The topological rigidity theorem has the following generalization. Again, it was
known for n =∞ by results of R. D. Anderson and J. D. McCharen [4] and we prove
it in the finite dimensional case.
Z-Set unknotting theorem. A homeomorphism between Z-sets in n-dimensional
No¨beling manifolds extends to an ambient homeomorphism if and only if it extends
to an n-homotopy equivalence.
We also prove a local version of the Z-set unknotting theorem, for n < ∞. It
was proved for n = ∞ independently by W. Barit [5] and by Cz. Bessaga and
A. Pe lczyn´ski [6].
Local Z-set unknotting theorem. For every open cover U of a No¨beling manifold
there exists an open cover V such that every homeomorphism between Z-subsets of the
manifold that is V-close to the inclusion extends to a homeomorphism of the entire
manifold that is U-close to the identity.
By an example of R. B. Sher a space that is an union of two Hilbert cubes that
meet in a Hilbert cube needs not to be a Hilbert cube [33]. We show that no such
example exists in the theory of No¨beling spaces.
Sum theorem. If a space X is an union of two closed n-dimensional No¨beling man-
ifolds whose intersection is also an n-dimensional No¨beling manifold, then X is an
n-dimensional No¨beling manifold.
As we shall see in chapter 8 the proof of the above mentioned theorems can rather
easily be reduced to a proof of the main theorem, stated below. We say that a space is
an abstract No¨beling manifold if it is an n-dimensional Polish absolute neighborhood
extensor in dimension n that is strongly universal in dimension n, i.e. if it satisfies
the conditions of the characterization theorem.
Main theorem. A homeomorphism between Z-sets in abstract No¨beling manifolds
extends to an ambient homeomorphism if and only if it extends to an n-homotopy
equivalence.
The theory developed in this paper reflects the theory of Menger manifolds devel-
oped by M. Bestvina [8]. He proved finite dimensional analogues of the characteri-
zation of the Hilbert cube given by Torun´czyk [35] and of the topological rigidity of
Hilbert cube manifolds given by J. West [38] and T. A. Chapman [12]. Proofs given
in the present paper does not admit direct generalizations neither to the compact
case nor to the complete, infinite dimensional case.
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Special cases of the characterization and the Z-set unknotting theorems, for the
case of No¨beling spaces rather than that of No¨beling manifolds, were established by
several authors. The one-dimensional cases were proved by K. Kawamura, M. Levin
and E. D. Tymchatyn [26]. S. Ageev announced a proof of the characterization
theorem and of a special case of the Z-set unknotting theorem [1] but recently he
declared it contained a gap [2]. The Z-set unknotting theorem for a certain model of
a No¨beling space was proved by Levin [28]. Levin’s result and those of this thesis were
presented at the International Conference and Workshops on Geometric Topology, 3-
10 July 2005. Very recently, Levin posted a preprint [29] containing a proof of the
characterization theorem for No¨beling spaces of all dimensions.
How the paper is organized
The text is divided into three parts. In the first part we recall the general results
used. In the second part we reduce the proof of the theorems menitoned above to the
proofs of two theorems (6.7 and 6.17) that give sufficient conditions for the existence
of covers of abstract No¨beling manifolds that resemble triangulations of simplicial
complexes. In the third part these two theorems are proved.
Chapter 2
Preliminaries
To facilitate reading of this paper we recall the general results and notions used
throughout it. It makes the paper self-contained in a sense that, with few exceptions,
in the next chapters there are no references to external sources.
The image and the domain of a function f are denoted by im f and by dom f
respectively. We write f(A) for f(A ∩ dom f) for each map f and each set A, i.e.
we do not require A to be a subset of the domain of f . The unit interval is denoted
by [0, 1] and the symbol I is used exclusively to denote a set of indices of a collection
of sets. If F = {Fi}i∈I is an indexed collection of sets and J is a non-empty subset of
the indexing set I, then we let FJ =
⋂
j∈J Fj. We use the following symbols to denote
standard topological operations: ClX A = ClA denotes the closure of a subset A of
a space X , IntX A = IntA denotes the interior of a subset A of a space X and ∂X
denotes the geometrical boundary of an euclidean manifold X .
We say that a space is Polish is it is separable and completely metrizable. A map
is a continuous function between two topological spaces. We say that sets intersect if
their intersection is non-empty.
2.1 Covers and interior covers
We say that a collection F of sets is indexed, whenever there is a chosen indexing
set I and an indexing function that assigns to each element i of I an element Fi of F.
We shall write F = {Fi}i∈I for short. Note that the indexing function is onto, but
needs not to be one-to-one. Nonetheless, we will distinguish between elements of F
that are equal, but have different indices. Unless otherwise stated, we shall assume
that every collection of sets is indexed.
Definition. A cover of a topological space X is a collection of subsets of X whose
union equals to X . An interior cover of X is a collection of subsets of X whose
interiors cover X .
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Symbols F,G will usually denote closed covers and symbols U,V will usually de-
note open covers.
Definition. Elements of two indexed collections of sets are corresponding if they
have equal indices. Covers with equal indexing sets are isomorphic if for each set
of intersecting elements in one cover the corresponding elements in the other cover
intersect.
In more formal terms, a cover F = {Fi}i∈I is isomorphic to a cover G = {Gi}i∈I if
for each non-empty J ⊂ I the intersection FJ =
⋂
j∈J Fj is non-empty if and only if
the intersection GJ =
⋂
j∈J Gj is non-empty. For every i ∈ I elements Fi of F and Gi
of G are corresponding.
Definition 2.1. Let F = {Fi}i∈I and G = {Gi}i∈I be collections of subsets of a space
X , indexed by the same indexing set I.
(a) We say that G is a swelling of F, if it is isomorphic to F and if every element
of F is a subset of the corresponding element of G.
(b) We say that F is a shrinking of G, if G is a swelling of F.
(c) For each subset A of X , we let {Fi∩A}i∈I be the restriction of F to A and denote
it by F/A.
(d) For each subset A of X , we say that F is equal to G on A, if Fi ∩A = Gi ∩A for
each i in I, i.e. if the restrictions of F and G to A are equal.
(e) We say that F refines a collection H of subsets of X , if every element of F is a
subset of an element of H.
(f) For each point x inX , we let stF x be the union of all elements of F that contain x.
We say that stF x is a star of x in F.
(g) For each subset A of X , we let stF A be the union of A with all elements of F
that intersect A. We say that stF A is a star of A in F.
(h) For each collection H of subsets of X , we let stHF = {stH Fi}i∈I . We say that
stHF is a star of F in H.
(i) For each collection H of subsets of X and each m > 0, we let stmH F = stH st
m−1
H F
and st0HF = F. We say that st
mF is the mth star of F in H.
(j) For each m > 0, we let stmF = stF st
m−1 F and st0F = F. We say that stmF is
the mth star of F.
Note that F and stHF have the same indexing set, hence it makes sense to talk
about corresponding elements of F and stHF.
Lemma 2.2. If k and m are nonnegative integers and F is a collection of sets, then
stkF st
mF = stk+mF and stk stm F = st2km+m+k F.
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2.2 Absolute extensors
Many characterizations of absolute extensors for various classes of topological
spaces made it into quite a mess in notation. We are going to settle for the following
definitions.
Definition. We say that a space X is an absolute extensor in dimension n if it is a
metric space and if every map into X from a closed subset of an n-dimensional metric
space extends over the entire space. The class of absolute extensors in dimension n
is denoted by AE(n) and its elements are called AE(n)-spaces.
Definition. We say that a metric space X is an absolute neighborhood extensor in
dimension n if it is a metric space and if every map into X from a closed subset A
of an n-dimensional metric space extends over an open neighborhood of A. The class
of absolute neighborhood extensors in dimension n is denoted by ANE(n) and its
elements are called ANE(n)-spaces.
The following characterization of the class of absolute neighborhood extensors in
dimension n is proven in [25], with references to original papers by K. Borsuk and
J. Dugundji.
Definition 2.3. We say that a map g is U-close to a map f , or that g is a U-
approximation of f , if U is an open cover of the common codomain of f and g and
the collection {f−1(U) ∩ g−1(U)}U∈U covers the common domain of f and g.
Theorem 2.4. The following conditions are equivalent for every metric space X and
every integer n <∞:
(1) X is an ANE(n)-space.
(2) X is locally k-connected for every k < n. In other words, for each point x in X
and every neighborhood U of x there exists a smaller neighborhood V of x such
that every map from the boundary of a (k + 1)-dimensional ball into V extends
to a map of the entire ball into U .
(3) for each open cover U of X there is an open cover V of X such that any two
V-close maps into X, defined on an at most (n− 1)-dimensional Polish space,
are U-homotopic. Recall that two maps are U-homotopic if they are homotopic
by a homotopy whose paths refine U.
The third condition of theorem 2.4 implies the following proposition, as the space
of maps (taken with the sup topology) from a k-dimensional sphere into a separable
metric space is separable.
Proposition 2.5. If a space is a separable absolute neighborhood extensor in dimen-
sion n, then its homotopy groups of dimensions less than n are countable.
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A characterization of the class of absolute extensors in dimension n was given by
J. Dugundji [17] in a form of the following theorem.
Theorem 2.6. A space is an absolute extensor in dimension n if and only if it is an
absolute neighborhood extensor in dimension n and its homotopy groups of dimensions
less than n vanish.
Theorem 2.7 is a closed sum theorem for absolute neighborhood extensors in
dimension n.
Theorem 2.7 ([25, p. 49]). A space is an absolute neighborhood extensor in dimen-
sion n whenever it can be represented as an union of two closed ANE(n)-subspaces
that meet in an ANE(n)-subspace.
We cite the following theorem after [13, Proposition 4.1.7, p. 131], with (∗)n−1
renamed to (∗)n.
Theorem 2.8. Every open cover U of an ANE(n)-space Y has an open refinement V
such that the following condition holds:
(∗)n For any at most n-dimensional metric space B, any closed subspace A of B, and
any two V-close maps f, g : A → Y , if f has an extension f˜ : B → Y , then g
has an extension g˜ : B → Y that is U-close to f˜ .
Lemma 2.9. For every open neighborhood U of a closed AE(n)-subset of an at most
n-dimensional ANE(n)-space there exists an open neighborhood V such that every
map from a closed subset of an at most n-dimensional metric space into V extends
over the entire space to a map into U .
Proof. By theorem 2.4, U is an absolute neighborhood extensor in dimension n. By
theorem 2.8, there exists an open cover V of U , for which (∗)n is satisfied with U =
{U}. Let A be a closed subset of U that is an AE(n)-space. Since U is at most
n-dimensional, there exists a retraction r : U → A. Let
V =
⋃
W∈V
r−1(W ) ∩W.
It is an open neighborhood of A. We shall prove that it satisfies the assertion.
Let f be a map into V from a closed subset B of an at most n-dimensional metric
space X . By the definition of V , maps r ◦ f and f are V-close. Since A is an absolute
extensor in dimension n, the map r ◦ f extends over X to a map into A. Hence,
by (∗)n, f extends over X to a map into U . We are done.
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2.3 Nerves of covers and barycentric stars
We define simplicial complexes in the usual way [25, p. 99]. We do not al-
low infinite-dimensional simplices. Unless otherwise stated, simplicial complexes are
endowed with the metric topology [25, p. 100]. We do not assume that they are
countable or locally finite.
Theorem 2.10 ([25, p. 107]). Every simplicial complex is topologically complete.
Every countable simplicial complex is separable.
Definition. LetK be a simplicial complex. A barycentric star bst v of a vertex v ofK
is the union of all simplices of the first barycentric subdivision of K that contain v.
We let bstL be the union of barycentric stars of vertices of a subcomplex L of K.
We treat it as a subcomplex of the barycentric subdivision of K and define the mth
barycentric star bstm L of L recursively by the formula bstm L = bst(bstm−1 L).
v
bst v
v
bst2 v
Figure 2.1: The first and the second barycentric star of a vertex v of a triangle.
Definition. The nerve of an point-finite indexed collection F of sets is a simpli-
cial complex whose set of vertices is in one-to-one correspondence with non-empty
elements of F and whose vertices span a simplex if and only if the corresponding
elements in F intersect.
Lemma 2.11. A collection of barycentric stars of vertices of a simplicial complex
is its closed locally finite cover. The nerve of a cover of a simplicial complex K by
barycentric stars of its vertices is isomorphic to K. The cover of the nerve of a
cover F by barycentric stars of its vertices is isomorphic to F.
Proof. Let K be a simplicial complex. Observe that
(1) a barycentric star of a vertex of K intersects a simplex in K if and only if the
vertex lies in the simplex,
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(2) vertices of K span a simplex if and only if their barycentric stars intersect.
Choose a point in K and let δ be a simplex that contains it. By (1), the union of
barycentric stars of vertices contained in K \ δ is disjoint from δ. By [25, p. 99], every
subcomplex of a simplicial complex is closed, hence the complement of this union is
an open neighborhood of δ (and of the chosen point). By the definition, it meets only
barycentric stars of vertices contained in δ, hence the cover of K by barycentric stars
of its vertices is locally finite.
Let B be a cover of K by barycentric stars of its vertices. By (2), a set of vertices
of K spans a simplex if and only if their barycentric stars intersect. By the definition,
the elements of B intersect if and only if the corresponding vertices of the nerve of B
span a simplex. Hence the second assertion of the lemma.
By the definition, a set of elements of a collection F of sets has non-empty in-
tersection if and only if the corresponding vertices in the nerve of F span a simplex.
By (2), these vertices span a simplex if and only if their barycentric stars intersect.
Hence the third assertion of the lemma.
Lemma 2.12. A cover of a simplicial complex by barycentric stars of its vertices has
the property that every intersection of its elements is either empty or contractible.
Proof. Let K be a simplicial complex and let B be a cover ofK by barycentric stars of
its vertices. By lemma 2.11, the nerve of B is isomorphic to K. Hence if elements of B
intersect, then the collection {vk} of corresponding vertices of K span a simplex δ
in K. By the definition, a barycentric star bst vk is a full subcomplex of the first
barycentric subdivision of K that contains all barycenters of faces that contain vk
(with a zero dimensional face {vk} included). Hence the intersection
⋂
bst vk is a full
subcomplex of the first barycentric subdivision of K that contains all barycenters of
faces that contain δ. Observe that this subcomplex is a cone with apex equal to the
the barycenter of δ. By [34, p. 116], it is contractible. We are done.
2.4 Strong universality
In the present paper, we shall endow all function spaces with the limitation topol-
ogy, which embraces a concept of closeness introduced in definition 2.3.
Definition. We let C(X, Y ) denote the set of all maps from a space X into a space Y .
For each map f : X → Y and for each open cover U of Y , we let B(f,U) denote the
set of all maps that are U-close to f . The limitation topology on C(X, Y ) is defined
by a basis of neighborhoods {B(f,U)}, where f runs over all elements of C(X, Y )
and U runs over all open covers of Y .
It should be emphasized that this topology needs not to be metrizable and the
neighborhoods B(f,U) defined above need not to be open in it [11].
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Lemma 2.13 ([36]). If X and Y are completely metrizable, then C(X, Y ) endowed
with the limitation topology has the Baire property. Moreover, every closed subset of
C(X, Y ) has the Baire property.
See [11, p. 429] for a detailed discussion.
Definition. We say that a map f is approximable by embeddings to express that “for
every open cover U of the codomain of f there exists an embedding, which is U-close
to f”. Likewise for closed embeddings, Z-embeddings, etc.
In other words, a map f from X into Y is approximable by elements of a subset
of C(X, Y ) if it lies in its closure.
Definition. We say that a Polish space X is strongly universal in dimension n if
every map from an at most n-dimensional Polish space into X is approximable by
closed embeddings.
In other words, a Polish space Y is strongly universal in dimension n, if for each
at most n-dimensional Polish space X , the set of closed embeddings is a dense subset
of C(X, Y ).
Proposition 2.14 ([13, p. 34]). If X is a Polish space, then the set of closed em-
beddings of X into a space Y is a Gδ-set in C(X, Y ) endowed with the limitation
topology.
The following two theorems imply that every n-dimensional No¨beling manifold is
strongly universal in dimension n, which is the “easy” part of the characterization
theorem.
Theorem 2.15. The n-dimensional No¨beling space is strongly universal in dimen-
sion n.
Following the spirit of the literature, we omit the proof. Hint: by lemma 1.4(b)
from [36], it suffices to show that every map from a countable simplicial complex
into νn is approximable by closed embeddings.
Theorem 2.16. If a Polish ANE(n)-space X is strongly universal in dimension n,
then every open subset of X is strongly universal in dimension n. If every point of a
Polish ANE(n)-space X has a neighborhood that is strongly universal in dimension n,
then X is strongly universal in dimension n.
Theorem 2.16 appears to be a folk theorem, well known to the experts, but un-
published.
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Proof. We base the proof on the observation that a map g is a closed embedding
whenever there is a closed interior cover G of the codomain such that for every G ∈ G
the restriction g|g−1(G) is a closed embedding.
Consider the following condition for each collection F of subsets of a space Y .
(∗F,Y )
for each F ∈ F, every map from at most n-dimensional Polish space
into F is approximable by closed embeddings into Y (with a control
by covers of Y ).
We will show that if (∗F,Y ) is satisfied for some interior cover F of an ANE(n)-
space Y , then Y is strongly universal in dimension n.
Let F be an interior cover of an ANE(n)-space Y . Let G denote a closed interior
cover of Y whose second star refines F. Let X denote an at most n-dimensional
Polish space and let f be a map from X into Y . Let B denote the interior, with
respect to the limitation topology, of the set of maps from X into Y that are G-close
to f . It contains f (see [11]). It has the Baire property by lemma 2.13. Fix G ∈ G
and let BG denote a subset of B that contains maps whose restrictions to f
−1(stG G)
are closed embeddings. By proposition 2.14, it is a Gδ-set in B. We’ll prove that it is
dense in B. Let g denote an element of B and let U be an open cover of Y . We will
show that g has a U-approximation by a map that belongs to BG. Since B is open,
we may assume that every map U-close to g belongs to B. Let V denote a cover that
satisfies condition (∗)n of theorem 2.8 for U. Since g is G-close to f and the second
star of G refines F, there is F ∈ F such that g(f−1(stG G)) ⊂ F . By (∗F,Y ) there is
a V-approximation of g|f−1(stG G) by a closed embedding into Y and by the definition
of V it extends over X to a map that is U-close to g. Therefore BG is dense in B.
By the Baire property of B the intersection
⋂
G∈G BG is dense in B. Therefore f
is approximable by maps that are G-close to f and whose restrictions to f−1(stG G)
are closed embeddings for every G ∈ G. Let g denote such a map. Observe that
g−1(G) ⊂ f−1(stG G), since g is G-close to f . Therefore g is a closed embedding on
g−1(G) for every G ∈ G. Hence it is a closed embedding of X into Y . Therefore
we proved that if (∗F,Y ) is satisfied for an interior cover F of an ANE(n)-space Y ,
then Y is strongly universal in dimension n.
To finish the proof it suffices to show that if we assume hypthesis of either of the
implications of the theorem, then there exists an interior cover F of X that satisfies
condition (∗F,X).
Let X be a Polish ANE(n)-space that is strongly universal in dimension n. Let
U be an open subset of X . For each x ∈ U let Fx be a closed (in X) neighborhood of
x such that Fx ⊂ U . We will show that the interior cover F = {Fx}x∈U of U satisfies
(∗F,U). Pick Fx ∈ F and let U be an open cover of U . Let V = {X \ Fx} ∪ U. It
is a cover of X . By strong universality of X , every map from at most n-dimensional
Polish space into Fx is V-approximable by closed embeddings into X . But every V-
approximation of a map into Fx must have image in U . Hence F satisfies condition
(∗F,U). By theorem 2.4, U is an ANE(n)-space. Hence U is stringly universal in
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dimension n. This finishes the proof of the first implication.
Let X be a Polish ANE(n)-space such that each point x in X has a neighborhood
Nx that is strongly universal in dimension n. This neighborhood may be neither open
nor closed. Let Fx be a closed neighborhood of x and let Ux be an open neighborhood
of x such that Fx ⊂ Ux ⊂ ClX Ux ⊂ Nx. We will show that the interior cover
F = {Fx}x∈X of X satisfies (∗F,X). Pick Fx ∈ F and let U be an open cover of
X . Let f be a map from at most n-dimensional Polish space into Fx. We have to
show that f has a U-approximation by a closed embedding into X . Without a loss
of generality we may assume that U refines {Ux, X \ Fx}. Let V = {U ∩ Nx}U∈U.
Since Nx is strongly universal in dimension n, f has a V-approximation by a closed
embedding into Nx. Since V refines {Ux, X \ Fx} and the image of f is contained
in Fx, the image of this approximation is contained in Ux. This image is closed in
ClX Ux, as ClX Ux is a subset of Nx, so it must be closed in X . Hence (∗F,X) is
satisfied and X is strongly universal in dimension n. This finishes the proof of the
second implication.
The characterization theorem states that every n-dimensional Polish strongly uni-
versal ANE(n)-space is a No¨beling manifold. It is convenient to have a shorthand
for the class of spaces that possess these properties. To this end we adapt the notion
of an Nn-space from [26], with the exception that we do not require that an Nn-space
has vanishing homotopy groups of dimensions less than n.
Definition 2.17. We say that a space is an Nn-space if it is an n-dimensional Polish
ANE(n)-space that is strongly universal in dimension n. By Nn we denote the class
of Nn-spaces.
In the language used in the introduction, the class of Nn-spaces is the class of
abstract n-dimensional No¨beling manifolds.
Theorem 2.18. Every non-empty open subset of an Nn-space is an Nn-space. If
every point of a separable space X has a neighborhood that is an Nn-space, then X is
an Nn-space.
Proof. Let U be a non-empty open subset of an Nn-space X . By strong universality
of X , one can embed an n-dimensional space into U , hence U itself is n-dimensional.
By [18, theorem 4.3.23], every open subset of a Polish space is Polish, hence U is
Polish. By theorem 2.4, U is an absolute extensor in dimension n. By theorem 2.16,
U is strongly universal in dimension n. Hence U is an Nn-space.
If every point in X has an Nn-neighborhood, then X is clearly n-dimensional.
Complete metrizability is a local property, hence X is Polish. By theorem 2.4, X is
an ANE(n)-space. By theorem 2.16, X is strongly universal in dimension n. Hence
X is an Nn-space.
We finish this section with a technical lemma that will be used in chapter 4.
Chapter 2: Preliminaries 15
Lemma 2.19. For each open cover U of a Polish space X there exists a sequence
U1,U2, . . . of open covers of X such that for each sequence f1, f2, . . . of maps from
X into X such that im fk−1 ⊂ dom fk and such that fk is Uk-close to the inclusion
dom fk ⊂ X, the pointwise limit limk→∞ fk exists, is continuous and is U-close to the
identity.
Proof. Let α be a map from X into (0,∞). We say that a map g : X → X is α-close
to a map f : X → X , if d(f(x), g(x)) ≤ α(f(x)) for each x ∈ X . By lemma 2.1.6
of [13] there is an open cover Vα of X such that if a map g is Vα-close to a map f ,
then it is α-close to it. We define a map αU : X → (0,∞) by the formula αU(x) =
(1/2) sup{d(x,X \ U) : U ∈ U} (the formula is taken from page 35 of [13]). Again by
lemma 2.1.6 of [13] if g is αU-close to g, then it is U-close to it. We let
Uk = V(1/2k+1)αU .
By the triangle inequality for the Hausdorff metric for each U the map x 7→
d(x,X \ U) is 1-Lipschitz. Hence αU is 1-Lipschitz. Let fk : X → X , k ≥ 0, be a
sequence of maps such that fk is Uk-close to fk−1. A direct computation shows that
the distance between fk(x) and f0(x) is at most (1 − 1/2k)αU(f0(x)). Therefore by
completeness of X the limit f∞ = limk→∞ fk exists and the map f∞ is αU-close, hence
U-close, to f0.
2.5 n-Homotopy equivalence
First we introduce a notion of a weak n-homotopy equivalence. Note that by a
characterization theorem of J. H. C. Whitehead (to be given on page 17), the phrase
“n-homotopy equivalences” in theorems stated in the introduction can be replaced
by “weak n-homotopy equivalences”.
Definition. We say that a map is a weak n-homotopy equivalence if it induces iso-
morphisms on homotopy groups of dimensions less than n, regardless of the choice of
the base point.
Definition. We say that maps f, g : X → Y are n-homotopic if for every map Φ from
a complex of dimension less than n into X , the compositions f ◦ Φ and g ◦ Φ are
homotopic in the usual sense.
Lemma 2.20. If a map is n-homotopic to a weak n-homotopy equivalence, then it is
a weak n-homotopy equivalence.
Proof. Let ϕ : X → Y ba a weak n-homotopy equivalence and let ψ be a map that is
n-homotopic to ϕ. Fix a base point in X and let 0 ≤ k < n. We have to show that ψ
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induces an isomorphism on kth homotopy groups of X and Y . Let K be a wedge of
k-dimensional spheres and let f : K → Y be a map that induces an epimorphism on
kth homotopy groups of K and Y . By the definition of n-homotopy, ϕ ◦ f and ψ ◦ f
are homotopic. Let γ be a patch of the base-point under this homotopy. Let ϕ∗ be
an isomorphism of pik(X) and pik(Y ) induced by ϕ. The homomorphism ψ∗ induced
by ψ on pik(X) and pik(Y ) is equal to an isomorphism ϕ∗ conjugated with γ (see [21,
p. 341] for precise definitions). Hence ψ∗ is an isomorphism as well.
Lemma 2.21. Every ANE(n)-space Y admits an open cover U such that every map
that is U-close to a weak n-homotopy equivalence of a metric space X and Y is also
a weak n-homotopy equivalence.
In particular, the set of weak n-homotopy equivalences of X and Y is an open
subset of C(X, Y ).
Proof. By theorem 2.4, there exists an open cover U of Y such that every two U-close
maps defined on a metric space of dimension less than n are homotopic. In particular,
every two U-close maps into Y are n-homotopic. By lemma 2.20, the cover U satisfies
our claim.
Lemma 2.22. If ϕ : X → Y is a weak n-homotopy equivalence, K is a simplicial
complex whose dimension is less than n and f is a map from K into Y , then there
exists a map f ′ : K → X whose composition with ϕ is homotopic to f . If L is a
subcomplex of K and if we are given a map from L into X whose composition with ϕ
is equal to f|L, then we may require that f
′ extends this map and that the homotopy
of f and ϕ ◦ f ′ is relL. If K is a subcomplex of an at most n-dimensional simplicial
complex M and f extends to a map g from M into Y , then f ′ extends to a map
from M into X. In particular, there exists a map from M into X whose composition
with ϕ is n-homotopic to g.
Proof. The proof of the first two implications follows exactly the proof of proposi-
tion 6.4 from page 77 of [7]. To prove the third implication, consider an extension
g : M → X of f . Without a loss of generality we may assume that there are no
simplices of dimension less than n in M \K (by enlarging K if needed) and thatM is
endowed with a weak topology (by theorem 6.4 on page 81 of [7], M endowed with a
weak topology is homotopy equivalent toM endowed with a metric topology). Hence
all we have to do is to show how to extend f ′ over a single n-dimensional simplex δ
of M . The map f ′ is defined on ∂δ. By the assumptions, ϕ ◦ f ′|∂δ is homotopic to f|∂δ
and f|∂δ extends over δ to a map into X . Hence ϕ ◦ f
′
|∂δ represents a trivial element
of pin−1(Y ). Since ϕ is a weak n-homotopy equivalence, f
′
|∂δ must represent a trivial
element of pin−1(X). Hence f
′
|∂δ extends over δ to a map into X . Hence f
′ admits
an extension to a map g′ from M into X . It follows from the cellular approximation
theorem [21, Corollary 4.12], that ϕ ◦ g′ is n-homotopic to g.
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Definition. We say that a map ϕ : X → Y is an n-homotopy equivalence if there
exists a map ψ : Y → X such that ψ ◦ ϕ is n-homotopic to idX and ϕ ◦ ψ is n-
homotopic to idY . We say that X is n-homotopy equivalent to Y if there exists an
n-homotopy equivalence of X and Y .
Whitehead’s characterization. A map of two n-dimensional ANE(n)-spaces is a
weak n-homotopy equivalence if and only if it is an n-homotopy equivalence.
The theorem was stated by Whitehead [40] with slightly stronger assumptions,
although his proof works in this case as well. For completeness, we give a proof based
on the argument from [7]. A proof of an even more general case appeared in [14].
Proof. The proof is a modification of the proof of theorem 6.1 from page 78 of [7].
Let ϕ be a map from an at most n-dimensional ANE(n)-space X into an at most
n-dimensional ANE(n)-space Y . We shall write f
n
∼ g to denote that f and g are
n-homotopic.
Assume that ϕ is an n-homotopy equivalence. By the definition, there exists a
map ψ : Y → X such that ψ ◦ ϕ
n
∼ idX and ϕ ◦ ψ
n
∼ idY . The identity on X is a
weak n-homotopy equivalence, hence by lemma 2.20, ψ ◦ ϕ is a weak n-homotopy
equivalence. Hence for each k < n, ψ ◦ ϕ induces an isomorphism on pik(X), so ϕ
induces a monomorphism of pik(X) and pik(Y ). Again by lemma 2.20, ϕ◦ψ induces an
isomorphism on pik(Y ), hence ϕ induces an epimorphism of pik(X) and pik(Y ). Hence
ϕ is a weak n-homotopy equivalence.
Assume that ϕ is a weak n-homotopy equivalence. By theorem 4.1 on page 156
in [25] and by theorem 2.4, every n-dimensional ANE(n)-space is n-homotopy domi-
nated by an at most n-dimensional complex. Hence we get diagrams K
gK−→ X
fK−→ K
and L
gL−→ Y
fL−→ L where K, L are at most n-dimensional complexes, gK ◦fK
n
∼ idX
and gL ◦ fL
n
∼ idY . By lemma 2.22 there is a map g′L : L→ X such that ϕ ◦ g
′
L
n
∼ gL.
Let ψ = g′L ◦ fL. We’ll show that ϕ and ψ are n-homotopy inverses of each other.
Observe that ϕ ◦ ψ = ϕ ◦ g′L ◦ fL
n
∼ fL ◦ gL
n
∼ idY . By lemma 2.20, ψ is a weak
n-homotopy equivalence. Hence by lemma 2.22, there is a map g′K : K → Y such
that ψ ◦ g′K
n
∼ gK . Therefore ϕ
n
∼ ϕ ◦ gK ◦ fK
n
∼ ϕ ◦ ψ ◦ g′K ◦ fK
n
∼ g′K ◦ fK . So
ψ ◦ ϕ
n
∼ ψ ◦ g′K ◦ fK
n
∼ gK ◦ fK
n
∼ idX and ϕ is an n-homotopy equivalence.
Theorem 2.23. If X is an at most n-dimensional ANE(n)-space and A is a closed
ANE(n)-subset of X such that the inclusion A ⊂ X is a weak n-homotopy equiva-
lence, then A is a retract of X. Moreover, every retraction of X onto A is a weak
n-homotopy equivalence.
Proof. 1 By Whitehead’s characterization, the inclusion ı : A ⊂ X is an n-homotopy
equivalence. By the definition of an n-homotopy equivalence, there exists a map
1I’m grateful to A. Chigogidze for showing me this simple proof.
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ψ : X → A whose restriction to A is n-homotopic to the identity on A. By proposi-
tion 4.1.8 from [13], the identity on A extends over X to a retraction.
Let r be any retraction of X onto A. The composition r ◦ ı is equal to ı, which
is a weak n-homotopy equivalence by the assumptions. Hence r must be a weak
n-homotopy equivalence as well.
Lemma 2.24. If A1, A2 and A1 ∩ A2 are at most n-dimensional closed ANE(n)-
subspaces of A1∪A2 and the inclusion A1∩A2 ⊂ A2 is a weak n-homotopy equivalence,
then the inclusion A1 ⊂ A1 ∪A2 is a weak n-homotopy equivalence.
Proof. By theorem 2.23, there exists a retraction of A2 onto A1 ∩A2. It extends to a
retraction r : A1 ∪ A2 → A1, since both A1 and A2 are closed in A1 ∪ A2. Therefore
the inclusion A1 ⊂ A1 ∪ A2 induces monomorphisms on all homotopy groups.
By theorem 2.4, there exists an open cover U of A1 ∪ A2 such that every two
U-close maps from an at most (n−1)-dimensional Polish space are homotopic. Let V
be an open cover of A1 ∪ A2 that satisfies condition (∗)n of theorem 2.8. Like we
argued in the proof of lemma 2.9, the restriction of r to a small closed neigbhorhood
of A1 in A1 ∪A2 is V-close to the identity. By the choice of V, this restriction admits
an extension to a map s from A1 ∪A2 into A1 ∪A2 that is U-close to the identity.
Fix k < n and consider a map ϕ : Sk → A1 ∪ A2. Let ψ = s ◦ ϕ. By the
choice of U, ψ is homotopic to ϕ. By the construction of s, there exist open subsets
U, V ⊂ Sk such that U ⊂ ψ−1(A1), V ⊂ ψ−1(A2) and U ∪ V = Sk. Hence we
may fix subcomplexes C and D of Sk such that C ∪ D = Sk and ψ(C) ⊂ A1 and
ψ(D) ⊂ A2. By Whitehead’s characterization, the inclusion A1 ∩ A2 ⊂ A2 is an
n-homotopy equivalence. By lemma 2.22, the map ψ|D is homotopic relC ∩D with a
map into A1 ∩A2. Obviously this homotopy extends to a homotopy relC. Therefore
the inclusion A1 ⊂ A1 ∪A2 induces epimorphisms on homotopy groups of dimensions
less than n. We are done.
Corollary 2.25. If A1, A2 and A1 ∩A2 are at most n-dimensional closed ANE(n)-
subspaces of a space X and inclusions A1 ⊂ X and A1∩A2 ⊂ A2 are weak n-homotopy
equivalences, then the inclusion A1 ∪A2 ⊂ X is a weak n-homotopy equivalence.
Proof. By lemma 2.24, the inclusion A1 ⊂ A1∪A2 is a weak n-homotopy equivalence.
So, by Whitehead’s characterization, there exists a weak n-homotopy equivalence
A1 ∪A2 → A1. We are done, by the assumption that A1 ⊂ X is a weak n-homotopy
equivalence.
Lemma 2.26. If X is a separable ANE(n)-space and f is a map of an at most n-
dimensional locally finite countable simplicial complex K into X, then there exists an
at most n-dimensional locally finite countable simplicial complex L, containing K as
a subcomplex, and an extension of f to a weak n-homotopy equivalence of L and X.
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Proof. This is a standard argument that follows the argument given in [20]. The
only difference is that we want L to be a locally finite countable simplicial complex.
Let K0 = K and let f0 = f . For m = 1, 2, . . . , n we shall construct a locally finite
countable simplicial complex Km that contains Km−1 as a subcomplex and a map
fm : Km → X that is an extension of fm−1 to a weak m-homotopy equivalence (note
that we allow the dimension of Km to be greater than n).
Fix 0 ≤ m < n and assume that we already constructed fm : Km → X . By the
separability ofX , the space of maps from Sm into X is separable. By theorem 2.4, the
m-dimensional homotopy group pim(X) is countable. Hence we may enlarge Km to a
locally finite countable simplicial complex K ′m and extend fm to a map f
′
m : K
′
m → X
that is a weak m-homotopy equivalence and induces an epimorphism pim(f
′
m) on mth
homotopy groups. Let {ϕk : Sm → K ′m}k≥1 be a set of representants of the kernel
of pim(f
′
m). By the simplicial approximation theorem [21, Theorem 2C.1], we may
assume that ϕk’s are simplicial. Let K
′′
m = K
′
m × [1,∞), let p : K
′′
m → K
′
m be a
projection along [1,∞) and let ik : K ′m → K
′
m × {k} be a map such that p ◦ ik is the
identity for each k ≥ 1. We identify K ′m × {1} with K
′
m so that Km is a subcomplex
of K ′′m. Observe that f
′′
m = f
′
m ◦ p is an extension of f
′
m over K
′′
m that is a weak m-
homotopy equivalence that induces an epimorphism on mth homotopy groups. The
set {ik ◦ϕk}k≥1 is a set of representants of the kernel of pim(f ′′m). Let Φk : B
m+1 → K ′′m
be a partial map defined on the boundary Sm of Bm+1 to be equal to ϕk. Let Km+1
be a mapping cylinder of an disjoint union of Φk’s. It is a locally finite countable
simplicial complex. Since each ϕk represents an element of the kernel of pim(f
′′
m), map
f ′′m extends to a map fm+1 : Km+1 → X . This map is a weak (m + 1)-homotopy
equivalence [20].
By the cellular approximation theorem [21, Corollary 4.12], the restriction of fn
to the n-dimensional skeleton of Kn is a weak n-homotopy equivalence. It is a map
that we were looking for.
Now we are ready to prove that every n-dimensional absolute neighborhood exten-
sor in dimension n is n-homotopy equivalent to an open subset of νn. This theorem
together with characterization and rigidity theorems implies the open embedding
theorem for No¨beling manifolds.
Proposition 2.27. For every open subset U of R2n+1 the inclusion of U ∩ νn into U
is a weak n-homotopy equivalence.
Proof. The following statement can be proved by the standard “general position”
argument.
(*)
Every map from an at most n-dimensional finite simplicial complex
into R2n+1 is approximable by maps into R2n+1 \ H, where H is an
arbitrary n-dimensional hyperplane. Moreover, if the map restricted
to a subcomplex L has its image disjoint from H, then such approxi-
mations exist relL.
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Let K be a finite simplicial complex, let L be a subcomplex of K and let ψ be a
map from L into νn. Let Cψ be a set of maps from K into R
2n+1 that are equal to
ψ on L. It is a closed subset of C(X, Y ). By (*), a subset of Cψ consisting of maps
into the complement of an n-dimensional hyperplane that is disjoint from the image
of ψ is dense in Cψ. By lemma 2.13, Cψ has the Baire property, hence the set of maps
from K into νn that are equal to ψ on L is dense in Cψ.
Let ϕ be a map from a k-dimensional sphere into U , for k ≤ n. By letting
K = Sk and L = ∅ we see that ϕ can be approximated by a map into U ∩ νn and
by theorem 2.4, if the approximation is close enough, then it is homotopic to ϕ in U .
Therefore the inclusion induces epimorphisms on kth homotopy groups, for k ≤ n.
Let ϕ be a map from a k-dimensional sphere into U ∩ νn and assume that ϕ
extends over a (k+1)-dimensional ball to a map Φ into U . By letting K = Bk+1 and
L = Sk, we see that Φ can be approximated relSk by a map into U ∩ νn. Therefore
the inclusion induces monomorphisms on kth homotopy groups, for k < n. We are
done.
Corollary 2.28. The n-dimensional No¨beling space is an absolute extensor in di-
mension n.
Proof. Every point of νn has arbitrarily small neighborhoods homeomorphic to νn. By
proposition 2.27, the No¨beling space νn has vanishing homotopy groups of dimensions
less than n. Therefore theorems 2.6 and 2.4 imply the assertion.
Proposition 2.29. For every separable ANE(n)-space X there exists an open subset
U of νn and a weak n-homotopy equivalence U → X.
Proof. By lemma 2.26, for every separable ANE(n)-space X there exists an n-
dimensional countable locally finite simplicial complex K and a weak n-homotopy
equivalence K → X . Realize K in R2n+1 in such a way that every ball around origin
of the space intersects only finitely many vertices of K. With such realization it is
clear that K has an open neighborhood U (in R2n+1) that is homotopy equivalent to
K. By proposition 2.27, the set U ∩ νn is weak n-homotopy equivalent to U . The
proof is finished, since U is homotopy equivalent to K and K is weak n-homotopy
equivalent to X .
2.6 Z-sets
The definition of a Z-set was given by Anderson to describe a general concept
of a negligible set [3]. There are many flavors of the definition to be found in the
literature and most of them are equivalent in the class of No¨beling manifolds [13, p.
191]. We are going to settle for the following one, proposed by Torun´czyk.
Definition. We say that a subset A of a space X is a Z-set in X if it is closed in X
and if the identity on X is approximable by maps into X \ A. A countable union of
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Z-sets is said to be a Zσ-set. A map is said to be a Z-embedding if it is an embedding
and its image is a Z-set in the codomain.
Theorem 2.30 ([13, Proposition 5.1.2]). A closed subset A of an Nn-space X is
a Z-set if and only if every map from In into X is approximable by maps into the
complement of A.
Proposition 2.31 ([13, Corollary 5.1.6]). Every compact subset of an Nn-space is a
Z-set.
Proposition 2.32. If a closed subset of an Nn-space X is a countable union of Z-sets
in X, then it is a Z-set in X.
Proof. Let A =
⋃
n≥1An be a closed countable union of Z-sets in an Nn-space X .
Let Gn = {f ∈ C(In, X) : im f ∩ An = ∅}. By theorem 2.30, Gn is a dense subset of
C(In, X). By the assumption that An is closed, Gn is an open subset of C(I
n, X). By
lemma 2.13, the intersection
⋂
n≥1Gn is a dense subset of C(I
n, X). By theorem 2.30,
A is a Z-set in X .
Proposition 2.33. Let A be a closed subset of an Nn-space X. If A is a Z-set,
then for each open subset U of X, A ∩ U is a Z-set in U . If each point of A has a
neighborhood U in X such that A ∩ U is a Z-set in U , then A is a Z-set in X.
Proof. Let A be a Z-set in X . Every open subset U ofX is a countable union
⋃
n≥1 Fn
of closed subsets of X . Directly from the definition, the intersection Fn∩A is a Z-set
in X . Hence the set C(In, X \ (Fn ∩ A)) is a dense subset of C(In, X). The set
C(In, U) is an open subset of C(In, X). Hence C(In, U \ (Fn ∩A)) is a dense subset
of C(In, U). By theorem 2.30, Fn is a Z-set in U . By proposition 2.32, A =
⋃
n≥1 Fn
is a Z-set in U .
Let A be a closed subset of X such that each point x of A has a neighborhood
Ux such that A ∩ Ux is a Z-set in Ux. Every open subset U of X admits an open
cover U such that if a map U → U is U-close to the identity on U , then it admits a
countinuous extension by the identity on X \U (we will elaborate on this in the proof
of lemma 2.38). Hence it follows from the definition that if a closed subset of X is a
Z-set in an open subset U of X , then it is a Z-set in X . Since X is separable metric,
there exists a countable cover U of X that is a subset of {Ux}x∈X . Let F be a closed
shrinking of U. By proposition 2.32, A =
⋃
F∈F A ∩ F is a Z-set in X .
Remark 2.34. Propositions 2.31 and 2.33 imply that every closed locally compact
subset of an Nn-space is a Z-set.
Theorem 2.35 ([13, Proposition 5.1.7]). If X is an Nn-space, then every map f
from at most n-dimensional Polish space into X is approximable by Z-embeddings.
Moreover, if f restricted to a closed subset A of its domain is a closed Z-embedding,
then such approximations exist relA.
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We’ll need the following corollaries of theorem 2.35.
Corollary 2.36. Let h denote a homeomorphism of a Z-subset of an Nn-space X
and a Z-subset of an Nn-space Y . If h extends to an n-homotopy equivalence of X
and Y , then h−1 extends to an n-homotopy equivalence of Y and X. Moreover, we
may require the extension of h−1 to be a closed embedding.
Proof. By theorem 2.35 the n-homotopy equivalence of X and Y can be approxi-
mated relZ1 by a closed embedding h1 : X → Y . By theorem 2.4 a sufficiently close
approximation of an n-homotopy equivalence is an n-homotopy equivalence, therefore
we may assume that h1 is an n-homotopy equivalence. By theorem 2.23 there exists a
retraction r1 : Y → h1(X). The map h
−1
1 ◦r1 is an extension of h
−1 to an n-homotopy
equivalence of Y and X .
Corollary 2.37. If D is a Zσ-set in an Nn-space Y , then every map f from an
n-dimensional Polish space into Y is approximable by closed embeddings with images
disjoint from D. If f restricted to a closed subset A of its domain is a Z-embedding
with image disjoint from D, then such approximations exist relA.
Proof. Let C(X, Y ) denote the space of maps from X into Y endowed with the
limitation topology. It is easy to verify that the set G of Z-embeddings is a Gδ in
C(X, Y ). Let D =
⋃
Zn and assume that every Zn is a Z-set in Y . Let Gn = {f ∈
G : f(X)∩Zn = ∅}. Let F denote the set of maps equal to f on A. By theorem 2.35
the set F ∩Gn is dense in F . Therefore by Torun´czyk’s lemma, the set F ∩
⋂
Gn is
dense in F and we are done.
Lemma 2.38. Every open subset U of a metric space Y admits an open cover U
such that if V is an open neighborhood of Y \ U , f is a map from a metric space
into Y whose restriction to f−1(V ) is a (closed) embedding into V and a map g is
a U-approximation of the restriction of f to f−1(U) by a (closed) embedding into U ,
then f|f−1(Y \U) ∪ g is a (closed) embedding into Y .
Proof. Let A be the complement of U in Y . Let U be a cover (we allow it to be
uncountable) of U by a collection of balls such that each ball from U has a radius
equal to one-fifth of the distance from its center to A. Let V be an open neighborhood
of A and let f be a map from a metric space X into Y whose restriction to f−1(V )
is an embedding into V . Let g : f−1(U)→ U be a U-approximation of the restriction
of f to f−1(U) by an embedding into U . We shall prove that h = f|f−1(A) ∪ g is an
embedding of X into Y .
The image of f|f−1(A) is a subset of A, the image of g lies in the complement of
A and both of these maps are one-to-one, hence h is one-to-one. Let x0, x1, . . . be a
sequence inX . If h(x0) ∈ U , then xn → x0 iff g(xn)→ g(x0) (by which we understand
that g(xn) is defined for almost all n and converges to g(x0)) iff h(xn) → h(x0)
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(because U is open). If h(x0) ∈ A, then
(*)
2
3
d(f(xn), f(x0)) ≤ d(h(xn), h(x0)) ≤
3
2
d(f(xn), f(x0)),
by the choice of U. Hence if h(x0) ∈ A, then xn → x0 iff f(xn) → f(x0) (because f
is an embedding on f−1(V )) iff h(xn)→ h(x0) (by (*)). Hence
lim
n→∞
xn = x0 ⇔ lim
n→∞
h(xn) = h(x0),
so h is a homeomorphism.
Assume that the restriction of f to f−1(V ) is a closed embedding into V and that
g is a closed embedding into U . To show that h is a closed embedding it suffices to
show that h(X) is closed in Y . If y ∈ A, then h(xn)→ y iff f(xn)→ y, by (*). Hence
A∩ClX h(X) = A∩ClX f(X) = A∩ f(X) = A∩ h(X). If y ∈ U , then h(xn)→ y iff
g(xn)→ y. Hence U ∩ClX h(X) = U ∩ClX g(X) = U ∩ g(X) = U ∩h(X). Therefore
h(X) is equal to its closure. We are done.
Proposition 2.39. Assume that V is an open subset of an Nn-space Y and f is a map
from an at most n-dimensional Polish space X into Y . If f is a closed embedding into
V on f−1(V ) and A is a closed (in Y ) subset of V , then f is approximable rel f−1(A)
by closed embeddings. Moreover, if Z is a subset of X and f|Z is a Z-embedding, then
such approximations exist rel f−1(A)∪Z. Even more, if ZY is a Zσ-set in Y and ZY
is disjoint from f(Z), then we may additionally require that the approximations have
images disjoint from ZY .
Proof. Let V be an open cover of Y . Let U = Y \ A and let U be an open cover
of U obtained via lemma 2.38 applied to U and Y . Without a loss of generality, we
may assume that U refines V. By proposition 2.33, the restriction of f to Z ∩ f−1(U)
is a Z-embedding into U . By theorem 2.16, U is strongly universal in dimension n,
hence by corollary 2.37 applied with D = ZY ∩ U , there exists a U-approximation g
of f|f−1(U) relZ ∩ f
−1(U) by a closed embedding into U . By lemma 2.38 and by the
choice of U, the map g∪f|f−1(U) is a closed embedding into Y and is V-close to f .
Definition. A closed Nn-neighborhood of a set A is a closed set that is an Nn-space
and contains A in its interior.
Remark 2.40. Proposition 2.39 and theorem 2.16 imply that every closed subset of
an Nn-space has arbitrarily small closed Nn-neighborhoods.

Part II
Reducing the proof of the main
results to the construction of
n-regular and n-semiregular
Nn-covers

Chapter 3
Approximation within an Nn-cover
The aim of this section is to prove theorem 3.6 about approximation within closed
Nn-covers. Its proof relies on proposition 2.31, which states that every compact subset
of an Nn-space is a Z-set. This property and the theorem fail in the case of Hilbert
cube manifolds [33]. Corollary 3.8 is a sum theorem for abstract No¨beling manifolds.
Recall that Nn is the class of abstract n-dimensional No¨beling manifolds (defini-
tion 2.17). We define Nn-covers in the following way.
Definition. Let C be a class of topological spaces. We say that a collection is a C-
collection if the intersection of each non-empty collection of its elements either belongs
to C or is empty. If the collection covers the underlying space, then we say that it is
a C-cover.
3.1 Z(F)-sets
In order to effectively work with closed Nn-covers we need the following basic
generalization of the concept of a Z-set.
Definition. Let F be a collection of subsets of a space X and let A be a subset
of X . We say that A is a Z(F)-set in X if it is a Z-set in X and if for each subset
E of F the intersection A ∩
⋂
E is a Z-set in
⋂
E. We say that A is a Z(F)-set if
it is a Z(F)-set in
⋃
F. We say that a map is a Z(F)-embedding into X if it is an
embedding and its image is a Z(F)-set in X . We say that it is a Z(F)-embedding if
it is a Z(F)-embedding into
⋃
F.
Remark 3.1. By proposition 2.33, if U is a collection of open subsets of a space X ,
then every Z-set in X is a Z(U)-set in X .
The following propositions are direct corollaries of propositions 2.31, 2.32 and 2.33.
Proposition 3.2. If A is a compact subset of a space X and F is a closed Nn-cover
of X, then A is a Z(F)-set.
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Proposition 3.3. If a closed subset of a space X is a countable union of Z(F)-sets
in X, then it is a Z(F)-set in X.
Recall that by definition 2.1, F/U = {Fi ∩ U}i∈I for each collection F = {Fi}i∈I
and each set U .
Proposition 3.4. Let A be a closed subset of a space X and let F be a closed cover
of X. If A is a Z(F)-set, then for each open subset U of X, A∩U is a Z(F/U)-set.
If each point of A has a neighborhood U in X such that A∩U is a Z(F/U)-set, then
A is a Z(F)-set.
Remark 3.5. Propositions 3.2 and 3.4 imply that if F is a closed Nn-cover of a space
X , then every closed locally compact subset of X is a Z(F)-set.
3.2 Approximation within a cover
Definition. Assume that U and F are covers of a space Y and that U is open. We say
that a map g : X → Y is a U-approximation within F of a map f : X → Y if it is U-
close to f and gf−1(F ) ⊂ F for each F ∈ F. We say that f is approximable within F
by embeddings (closed embeddings, Z-embeddings, etc.) if for each open cover U
it admits a U-approximation within F that is an embedding (closed embedding, Z-
embedding, etc.).
Note the asymmetry: the assumption that g is a U-approximation of f within F
doesn’t imply that f is a U-approximation of g within F.
Theorem 3.6. Let G be a closed countable star-finite locally finite Nn-collection in a
space Y . If G covers Y , then every map f from an n-dimensional Polish space into Y
is approximable within G by Z(G)-embeddings. Moreover, if f restricted to a closed
subset A of its domain is a Z(G)-embedding, then the approximating Z(G)-embeddings
can be taken to coincide with f on A.
Proof. Let G = {Gi}i∈I and let GJ =
⋂
j∈J Gj for each J ⊂ I. On this occasion,
we allow J to be the empty set and let G∅ = Y . If GJ is non-empty, then the
space C(In, GJ) of maps from I
n into GJ is separable (cf. proposition 2.5). By the
assumption that f(A) is a Z(G)-set, the intersection of f(A) with GJ is a Z-set in
GJ , hence we can pick a countable dense subset of C(I
n, GJ) whose elements have
images disjoint from f(A). Let D denote the union of images of maps belonging to
these countable dense subsets, over all J ⊂ I. By theorem 2.30,
(1) every closed embedding with image disjoint from D is a Z(G)-embedding.
Since G is countable and locally finite, GJ is non-empty only for countably many
J ’s, hence D is sigma-compact. By the assumptions, GJ is an Nn-space, hence by
proposition 2.31, the intersection of D with GJ is a Zσ-set in GJ . By (1) and by
corollary 2.37,
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(2) for every J ⊂ I every map from n-dimensional Polish space into GJ is approx-
imable by closed embeddings with images disjoint from D ∩ GJ . Moreover, if
the map restricted to a closed subset A of its domain is a closed embedding
with image disjoint from D ∩GJ , then such approximations exist relA.
Let U be an open cover of Y . We will show that the given map f can be U-
approximated within G by a Z(G)-embedding. Let I = {J ⊂ I : J 6= ∅, GJ 6= ∅}.
Order I into a sequence {Jk}k∈N non increasing in the order by inclusion, i.e. such that
if Jl ) Jk, then l < k. Such ordering exists because G is star-finite. By theorem 2.8,
there is a sequence of pairs of covers (Vk,Uk) such that for each k
(3) Vk and Uk are open covers of GJk that satisfy condition (∗)n of theorem 2.8,
(4) stUk ≺ U and for every l if Jl ) Jk, then stUl ≺ Vk.
The construction of a sequence (Uk,Vk) starts with k’s that correspond to sets Jk
of cardinality one and continues backwards by a recursive application of theorem 2.8.
Let f denote the given map from an n-dimensional Polish space X into Y . Let
Fi = f
−1(Gi) for every i ∈ I. We let g0 = f|A and recursively define a sequence of
maps gk in such a way that gk extends gk−1 over FJk and
(5) gk(FJk) ⊂ GJk and gk is stUk-close to f on FJk ,
(6) gk is a closed embedding with image disjoint from D.
In kth step of the construction we extend gk−1 over FJk . By (5) and by the order of
Jk’s, gk−1(FJk) ⊂ GJk . By the construction, the intersection of FJk with the domain
of gk−1 is equal to A ∪
⋃
l<k,Jl⊃Jk
FJl. By the choice of g0, gk−1 is equal to f on the
set A. By (5), gk−1 is stUl-close to f on FJl for each l < k such that Jl ⊃ Jk. By (4),
stUl refines Vk, hence gk−1 is Vk-close to f on the intersection of FJk with the domain
of gk−1. By (3), the restriction of gk−1 to FJk extends over FJk to a map from FJk
into GJk that is Uk-close to f . Let g˜k−1 be an union of any such extension with the
restriction of gk−1 to B = g
−1
k−1(GJk). By (6), the restriction of g˜k−1 to B has image
disjoint from D. By (2), g˜k−1, defined on B ∪ FJk , is approximable relB by a closed (*)
embedding into GJk that is stUk-close to f and has image disjoint from D. We let
gk to be equal to this embedding on FJk and equal to gk−1 on dom gk−1 \ FJk . The
definition of B guarantees that gk is a closed embedding. Conditions (5) and (6) are
satisfied directly from the construction.
Let g =
⋃
k∈N gk. It is a closed embedding because G is locally finite. By (6), it
has image disjoint from D. Hence, by (1), it is a Z(G)-embedding. By (4) it is U-close
to f and by (5) it is an approximation of f within G. Since g|A is equal to f , we are
done.
We can draw two important corollaries from theorem 3.6.
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Corollary 3.7. If F is a closed countable star-finite locally finite Nn-cover of a
space X and Z is a Z(F)-set, then every map of an n-dimensional Polish space
into X is approximable within F by closed embeddings with images disjoint from Z.
Proof. Let f be the given map. We can assume that the domain of f is separated
from Z, so f ∪ idZ is a well-defined map. By theorem 3.6 it is approximable within
F and relZ by a closed embedding. The restriction of such approximation to the
domain of f is an embedding that we were looking for.
The second corollary follows from theorem 2.7 and theorem 3.6 applied to the
cover G = {X, Y } of X ∪ Y .
Corollary 3.8. If X, Y and X ∩ Y are Nn-spaces and X ∩ Y is closed both in X
and in Y , then X ∪ Y is an Nn-space.
3.3 Z-collections1
We prove that under stronger assumptions we can require in the statement of
theorem 3.6 not only that the constructed map g approximates the given map f
within G, but also that f approximates g within G. The stronger assumption is
that G is a Z-collection in Y .
Definition. We say that a collection F of closed subsets of a topological space X is
a Z-collection if every element of F is a Z-set in X and if for every A ( B ⊂ F the
set
⋂
B is a Z-set in
⋂
A.
Observe that a locally finite Z-collection cannot, by the definition, cover the un-
derlying space. Hence, we need the following, modified statement.
Theorem 3.9. If the assumption that G covers Y in theorem 3.6 is replaced by the
assumption that Y is an Nn-space and if we assume that G is a Z-collection, then the
approximating map g can be taken so that g−1(Gi) = f
−1(Gi) for each i ∈ I.
Proof. The proof is an easy modification of the proof of theorem 3.6. The necessary
changes are to change condition (5) to
(5’) f−1(GJl) = g
−1
k (GJl) for each l ≤ k and gk is stUk-close to f on FJk ,
and to change the sentence marked by (*) on the margin to
By (2), g˜k−1, defined on B ∪ FJk , is approximable relB by a closed em-
bedding into GJk that is stUk-close to f , has image disjoint from D and
maps FJk \B into GJk \
⋃
l<kGJl.
1we shall not use the theorem proved in ths section until the third part of the paper.
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By the assumption G is a Z-collection, hence the intersection of
⋃
l<kGJl with
GJk is a Z-set in GJk . Hence, by corollary 2.37, such approximation exists. The
assumption that the approximation maps FJk \B into GJk \
⋃
l<kGJl guarantees that
f−1(GJl) = g
−1
k (GJl) for each l < k.
We will show how to construct Z-collections in Nn-spaces in section 9.1 in chap-
ter 9.
Chapter 4
Constructing closed Nn-covers
4.1 Adjustment of a collection
By theorem 2.18, every open subset of an Nn-space is an Nn-space. Obviously
the property of being an Nn-space is not inherited by closed subsets of Nn-spaces.
However by the strong universality of Nn-spaces, the inclusion of an arbitrary open
subset of an Nn-space is approximable by closed embeddings and images thereof are
closed Nn-subsets of the space.
Let U be an open and A a closed neighborhood of a point x in an Nn-space X such
that A ⊂ U . By proposition 2.39, the inclusion of U into X can be approximated
relA by a closed embedding. The image of such an approximation (an adjustment
of U) is a closed Nn-neighborhood of x. In the sequel, we shall apply this technique
to collections of sets, in a way described by the following definition.
Definition. Let F = {Fi}i∈I and G = {Gi}i∈I be arbitrary collections of subsets of
a space X and let U be an open cover of X .
(a) We say that G is a U-adjustment of F if for each J ⊂ I there is a homeomorphism
of FJ =
⋂
j∈J Fj onto GJ =
⋂
j∈J Gj that is U-close to the inclusion FJ ⊂ X .
(b) If each of these homeomorphisms can be taken to be the identity on a closed
set A, then we say that G is an adjustment of F relA.
(c) If additionally Gi = Fi for every i in a given set J ⊂ I, then we say that G is
an adjustment of F with fixed J .
A convenient property of the notion of an adjustment is that for an arbitrary
class C of topological spaces every adjustment of a C-collection is a C-collection.
Lemma 4.1. For each open subset U of a metric space X there exists an open cover U
of U such that if A is a (closed) subset of X, then every U-approximation of the
inclusion A∩U ⊂ U by a (closed) embedding of A∩U into U extends over A, by the
32
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identity on A \ U , to a (closed) embedding of A into X. Hence every (closed in U)
U-adjustment of a restriction F/U of a (closed) collection F of subsets of X extends
in a natural way to a (closed) adjustment relX \ U of the entire collection.
Proof. The first statement follows from lemma 2.38 applied to the inclusion A ⊂ X .
Let F = {Fi}i∈I be a (closed) collection of subsets of X and let G = {Gi}i∈I be a
(closed in U) U-approximation of F/U = {Fi ∩ U}i∈I . We have to show that the
collection {Gi ∪ (Fi \ U)}i∈I is a (closed) U-adjustment relX \ U of F. Since G is a
U-adjustment of F/U , for each J ⊂ I there exists a homeomorphism hJ from FJ ∩U
onto GJ that is U-close to the inclusion of FJ ∩U into U . By the first statement, the
map hJ ∪(FJ \U) is a (closed) embedding. This embedding is U-close to the inclusion
and its image is equal to GJ ∪ (FJ \ U). We are done.
4.2 Limits of sequences of adjustments
Definition 4.2. For every sequence Fk = {F ki }i∈I we let
lim
k→∞
Fk = {
⋂
j≥1
⋃
k≥j
F ki }i∈I .
Proposition 4.3. Assume that V = {Vk}k≥1 is a locally finite collection of open
subsets of a Polish space X. For every open cover U of X there exists a sequence
U1,U2, . . . of open covers of X such that if Fk is a Uk-adjustment relX \ Vk of Fk−1,
then limk→∞Fk is a U-adjustment of F0.
Proof. Without a loss of generality we may assume that a second star of each element
of U intersects only finitely many elements of V. Let U1,U2, . . . be a sequence of covers
of X obtained via lemma 2.19 applied to U. We will show that it satisfies our claim.
Let Fk = {F ki }i∈I and F∞ = limk→∞Fk. Let F
k
J =
⋂
j∈J F
k
j . By the assumptions,
for each J ⊂ I there exists a homeomorphism hkJ : F
k−1
J → F
k
J that is Uk-close to
the inclusion of F k−1J into X . By lemma 2.19 and by the choice of Uk’s, the limit
h∞J = limk→∞ h
k
J ◦ · · · ◦ h
2
J ◦ h
1
J exists, is continuous and U-close to the inclusion of
F 0J into X .
Observe that if a map is U-close to the identity, then to check that it is a home-
omorphism (onto its image) it suffices to check it is a homeomorphism on stU U for
every U in U. By the choice of U, for each U in U the second star st2U U intersects only
finitely many elements of V. Since each hkJ ◦ · · · ◦ h
2
J ◦ h
1
J is U-close to the identity,
the sequence hJk ◦ · · · ◦ h
J
1 ◦ h
J
0 restricted to F
0
J ∩ stU U stabilizes after finitely many
steps. By the assumption every hJk is a homeomorphism, so h
∞
J restricted to stU U is
a homeomorphism. We are done, because the image of h∞J is equal to F
∞
J , by local
finiteness of V.
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4.3 Construction of a closed Nn-swelling
Our first application of the technique of adjustments is a construction of a closed
interior Nn-cover given some constraints on its size and structure.
Lemma 4.4. If G is a closed star-finite cover of an Nn-space Y and V is an open
swelling of G, then for each open cover U of Y and each Z-set Z in Y there exists a
closed U-adjustment F of V that is a swelling of G and such that Z is a Z(F)-set.
Observe that the assumption that G is star-finite and has an open swelling implies
that it is locally finite.
Proof. Let G = {Gi}i∈I , V = {Vi}i∈I and VJ =
⋂
j∈J Vj for each non-empty subset J
of I. Let I = {J ⊂ I : J 6= ∅ and VJ 6= ∅}. Order I into a sequence {Jk}k≥1 non
increasing in the order by inclusion. Such ordering exists because V is star-finite. Let
Wk =
⋃
i∈I\Jk
Vi. Let Bk be a boundary of VJk \Wk taken in VJk (it is not necessarily
closed in Y ). Let
Uk = (VJk \
⋃
i∈I\Jk
Gi) ∩ {y ∈ Y : d(y, Bk) < d(y, Y \ VJk)},
where d(y, A) is the distance of a point y from a set A (we let d(y, ∅) = ∞). By
the assumptions, V is a swelling of G, so
⋃
i∈I\Jk
Gi ⊂ Wk. Hence Uk is an open
neighborhood of Bk. We shall prove that if Uk intersects Ul, then either Jk ⊂ Jl or
Jl ⊂ Jk. Let y be an element of Uk ∩ Ul. If Bk ∩ VJl = ∅ and Bl ∩ VJk = ∅, then
d(y, Bk) < d(y, Y \VJk) ≤ d(y, Bl) < d(y, Y \VJl) ≤ d(y, Bk) - a contradiction. Hence
either Bk intersects VJl or Bl intersects VJk . Assume the former case, i.e. Bk∩VJl 6= ∅.
By the definition, Bk is disjoint from Wk. Since VJl =
⋂
i∈Jl
Vi intersects Bk, it is not
a subset of Wk =
⋃
i∈I\Jk
Vi, hence Jl must be disjoint from I \ Jk, so it must be a
subset of Jk. Same argument applies in the latter case, i.e. when Bl ∩ VJk 6= ∅.
Let U1,U2, . . . be a sequence of covers of Y obtained via proposition 4.3 applied to
a locally finite collection V and an open cover U of Y . If P and Q are open subsets
of Y , then the boundary of P \Q taken in P is equal to the boundary of Q taken in
P ∪ Q. We let P = VJk and Q = Wk, and obtain the equality Bk = BdVJk∪Wk Wk.
Since Uk is a neighborhood of Bk, Wk \ Uk is closed in Wk ∪ VJk . By theorem 2.18,
Wk ∪ VJk is an Nn-space. Therefore, by proposition 2.39 applied to A = Wk \ Uk,
V = Wk and ZY = Z ∩ Uk, the inclusion Wk ⊂ Wk ∪ VJk has a Uk-approximation
hk : Wk →Wk ∪ VJk such that the following condition is satisfied.
(hk) hk is a closed embedding into Wk ∪ VJk , is Uk-close to the inclusion, is equal to
the inclusion on Wk \ Uk and has image disjoint from Z ∩ Uk.
We shall recursively construct a sequence Fk = {F ki }i∈I of covers of Y , starting
with F0 = V, such that for k > 0 the following conditions are satisfied.
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(1k) Fk is a Uk-adjustment of Fk−1 rel Y \ Uk with fixed Jk.
(2k) Fk restricted to
⋃
0<l≤k VJl is a closed cover, Z is a Z(Fk)-set and G is a shrinking
of Fk.
Observe that Z is a Z(F0)-set by remark 3.1 and G is a shrinking of F0. Before
we construct the sequence, we prove that for each k ≥ 0 if (1l) and (2l) are satisfied
for each l greater than 0 and less than or equal to k, then the following conditions
hold:
(3k)
⋃
i∈I\Jk+1
F ki is a subset of Wk+1,
(4k) Uk+1 ∪ (VJk+1 \Wk+1) is a subset of F
k
Jk+1
.
To prove (3k) fix j ∈ I \ Jk+1. We will show by induction on l that F lj ⊂ Wk+1
for each 0 ≤ l ≤ k. It is true for l = 0, because F 0j = Vj. Let l > 0. By (1l), Fl
is equal to Fl−1 on the complement of Ul, hence F lj ⊂ F
l−1
j ∪ Ul. By the inductive
assumption F l−1j ⊂Wk+1. If l ≤ k, then Jl \ Jk+1 is non-empty, by the order of Jk’s.
Hence Ul ⊂ VJl ⊂ VJl\Jk+1 ⊂Wk+1. Hence F
l
j ⊂ F
l−1
j ∪ Ul ⊂ Wk+1.
We will show by induction on l that Uk+1 ∪ (VJk+1 \Wk+1) is a subset of F
l
Jk+1
for each 0 ≤ l ≤ k, thus proving (4k). From the definition Uk+1 ⊂ VJk+1 = F
0
Jk+1
,
so the assertion is true for l = 0. Let 0 < l ≤ k. We either have Jk+1 6⊂ Jl or or
Jk+1 ⊂ Jl. By (1l), Fl is an adjustment of Fl−1 with fixed Jl so in the latter case,
F lJk+1 = F
l−1
Jk+1
and the assertion is true. In the former case, Ul is disjoint from Uk+1
and Ul ⊂ VJl ⊂Wk+1. Hence Uk+1 ∪ (VJk+1 \Wk+1) is disjoint from Ul. By (1l), Fl is
equal to Fl−1 on the complement of Ul, so the inductive step is done.
The construction. Fix k > 0 and assume that we already constructed Fk−1. Let
F ki =
{
hk(F
k−1
i ) i ∈ I \ Jk
F k−1i i ∈ Jk.
Consider J ⊂ I. If J ⊂ Jk, then F kJ = F
k−1
J . If J 6⊂ Jk, then a direct computation
using (4k−1) and (hk) shows that F
k
J = hk(F
k−1
J ). Hence by (3k−1), the restriction of
hk to F
k−1
J is a homeomorphism onto F
k
J . By the definition of a Uk-adjustment, (1k)
is satisfied.
By (hk), hk is a closed embedding into Wk ∪ VJk . Hence its restriction to
h−1k (
⋃
0<l≤k VJl) =
⋃
0<l<k VJl is a closed embedding into
⋃
0<l≤k VJl. By (2k−1), Fk−1
restricted to
⋃
0<l<k VJl is closed. Hence for each i ∈ I \ Jk, F
k
i ∩
⋃
0<l≤k VJl =
hk(F
k−1
i ∩
⋃
0<l<k VJl) is closed in
⋃
0<l≤k VJl. If i ∈ Jk, then F
k
i = F
k−1
i . By (4k−1),
VJk \
⋃
0<l<k VJl is a subset of F
k−1
i . The intersection of F
k−1
i with
⋃
0<l<k VJl is closed
in
⋃
0<l<k VJl, so F
k−1
i ∩
⋃
0<l≤k VJl = (VJk \
⋃
0<l<k VJl)∪ (F
k−1
i ∩
⋃
0<l<k VJl) is closed
in
⋃
0<l≤k VJl. Hence Fk restricted to
⋃
0<l≤k VJl is a closed cover.
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By (2k−1), Gi ⊂ F
k−1
i for each i ∈ I. If i ∈ Jk, then F
k
i = F
k−1
i , so Gi ⊂ F
k
i . If
i ∈ I \ Jk, then Gi is disjoint from Uk by the definition. By (1k), F ki is equal to F
k−1
i
on the complement of Uk, hence Gi ⊂ F ki . Therefore G refines Fk.
By (2k−1), Z is a Z(Fk−1)-set. Hence for each J ⊂ I, Z ∩ F
k−1
J is a Z-set in
F k−1J . If J ⊂ Jk, then F
k
J = F
k−1
J , so Z ∩ F
k
J is a Z-set in F
k
J as well. If J 6⊂ Jk, then
F kJ = hk(F
k−1
J ). By (hk), the image of hk is disjoint from Z∩Uk and hk is equal to the
inclusion on the complement of Uk. Hence Z ∩ F kJ = Z ∩ (F
k−1
J \ Uk). By (2k−1), the
latter set is a Z-set in F k−1J , hence its image under hk is a Z-set in hk(F
k−1
J ) = F
k
J .
But hk is the identity map on this set, hence Z ∩ F
k
J is a Z-set in F
k
J . Hence Z is a
Z(Fk)-set.
By (1k), by proposition 4.3 and by the choice of Uk’s, the limit F = limk→∞Fk
exists and is a U-adjustment of F0 = V. By (3k), F is closed. By (2k), it is a swelling
of G. By (2k) and by proposition 3.4, Z is a Z(F)-set. We are done.
Theorem 4.5. Every closed star-finite locally finite cover that refines an open cover U
of an Nn-space X has a swelling F that refines U and is a closed locally finite interior
Nn-cover. Moreover, we may require that a specified Z-set is a Z(F)-set.
Proof. Let U be an open cover of an Nn-space X and let G = {Gi}i∈I be a closed star-
finite locally finite refinement of U. We may assume that G is an interior cover [18,
Exercise 7.1.G]. By the same argument, there exists an open locally finite swelling
V = {Vi}i∈I of G such that the closure of each element of V lies in an element of
U. Let Z be an arbitrary Z-set in X . By lemma 4.4, V can be adjusted to a closed
cover F of X such that Z is a Z(F)-set and G is a refinement of F. Obviously, if the
adjustment is small enough, then F refines U and we are done.
Chapter 5
Carrier and nerve theorems
Almost entire chapter is cited word-for-word after [32] and it is included here for
completeness.
5.1 Regular covers
An efficient way to investigate properties of a topological space is to divide it into
pieces and examine how they are glued together. We show how to divide a general
topological space and endow it with a structure that resembles a triangulation.
In order to divide a space that belongs to a class C of topological spaces we must
decide what a piece is. We want it to resemble a simplex as much as possible. As a
simplex is an archetype of an absolute extensor, the choice of absolute extensors for C
as pieces is quite natural.
Definition. A space Y is an absolute extensor for a space X if each map from a
closed subset of X into Y extends over the entire space X . The class of absolute
extensors for all spaces from a class C is denoted by AE(C). We write AE(X) for
AE({X}).
The following defines regular covers that endow a space with structures similar to
triangulations.
Definition. Let C be a class of topological spaces. A locally finite locally finite-
dimensional closed AE(C)-cover is said to be regular for the class C. Recall that a
cover is locally finite dimensional if its nerve is such.
Examples of regular covers include a locally finite and locally finite dimensional
cover of an Euclidean space by its closed balls and a cover of a finite simplicial complex
by its simplices.
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5.2 Carrier theorem
How to extend a partial map from a subcomplex over the entire CW complex? If
each map from the boundary of an Euclidean ball into the codomain extends over the
ball, then the answer is easy: order cells by inclusion and construct an extension in-
ductively. But the asphericity of the codomain (vanishing of all its homotopy groups)
is a rare luxury. The same technique would work though if we were able to restrict
ranges of the map on individual cells of the CW complex to aspherical subspaces of
the codomain. This idea leads to the notion of a carrier and to the aspherical carrier
theorem [30, II §9]. We generalize this notion to arbitrary spaces using a cover to
replace the cell structure in the domain.
Definition. A carrier is a function C : F → G from a cover F of a space X into a
collection G of subsets of a topological space such that for each A ⊂ F if
⋂
A 6= ∅,
then
⋂
A∈AC(A) 6= ∅. We say that a map f is carried by C if it is defined on a closed
subset of X and f(F ) ⊂ C(F ) for each F ∈ F.
Carrier theorem. Assume that C : F → G is a carrier such that F is a closed cover
of a space X and G is an AE(X)-cover of another space. If F is locally finite and
locally finite dimensional, then each map carried by C extends to a map of the entire
space X, also carried by C.
Special cases of the carrier theorem follow from Michael’s selection theorem, as the
multivalued map given by the formula F (x) =
⋂
F∋xC(F ) is lower semi-continuous.
Proof. Let f0 be a map carried by C and let A = dom f0. Let {Eγ}0<γ<Γ be a
transfinite sequence of all subcollections of F with non-empty intersections, such
that the sequence {δγ =
⋂
Eγ}0<γ<Γ is non decreasing in the order by inclusion. Its
existence is guaranteed by the assumption of local finite dimensionality of F. Let
Cγ =
⋂
E∈Eγ
C(E) and observe that an arbitrary map f is carried by C if and only if
f(δγ) ⊂ Cγ for each 0 < γ < Γ. Let δΓ = ∅. We shall construct a transfinite sequence
of maps {fγ : A∪
⋃
0<α≤γ δα → Y }γ≤Γ such that fα extends fβ for all 0 ≤ β ≤ α ≤ Γ
and fγ(δγ) ⊂ Cγ for each 0 < γ < Γ. The map fΓ will be an extension that we are
looking for, since
⋃
γ<Γ δγ = X .
We proceed by transfinite induction. Fix γ ≤ Γ and assume that for each α < γ
we already constructed fα. The map f
′
γ =
⋃
α<γ fα is well defined, continuous and its
domain is closed in X because maps fα agree on intersections of their domains and F
is closed and locally finite. If γ = Γ, then δγ = ∅ and we may put fΓ = f ′Γ. If γ < Γ,
then by the order of δγ and by inductive assumptions f
′
γ maps δγ into Cγ . The set Cγ
is non-empty because C is a carrier and is an absolute extensor for δγ because G is
an AE(X)-cover. So f ′γ extends onto δγ to a map fγ such that fγ(δγ) ⊂ Cγ and our
construction is finished.
Definition. A cover is regular for a space X if it is regular for the class {X}.
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Corollary 5.1. If a closed cover G of a space Y is regular for X × [0, 1], then every
two G-close maps from X into Y are G-homotopic. Moreover such homotopy exists
with the additional property that if endpoints of its path lie in an element of G, then
the entire path lies in it.
Proof. Let f and g be two G-close maps from X into Y . Let F = {FG}G∈G be the
collection of subsets of X × [0, 1] defined by the formula
FG = (f
−1(G) ∩ g−1(G))× [0, 1].
It is a cover of X × [0, 1] because f and g are G-close. Define a carrier C : F → G
by the formula C(FG) = G and a map F : X × {0, 1} → Y by F (x, 0) = f(x) and
F (x, 1) = g(x). By the definition, F is carried by C and by the carrier theorem, it
admits an extension over the entire space X× [0, 1], also carried by C. This extension
is a G-homotopy that satisfies our claim.
5.3 Nerve theorem
Nerve theorems give conditions under which the nerve of a cover is equivalent
to the underlying space. First examples of such theorems are attributed to K. Bor-
suk [10, p. 234] (for closed covers) and A. Weil [37, p. 141] (for open covers), both for
homotopy equivalences. Since then several generalizations were made. First general-
izations by W. Holsztyn´ski [24] and J. N. Haimov [19] relaxed conditions on the cover.
Next weak homotopy equivalences were studied in this context by M. McCord [31]
and weak n-homotopy equivalences by A. Bjo¨rner [9].
The nerve theorem that we shall use in the present paper is proved in the next
chapter. Here we develop tools used in its proof. As an easy application, we prove
a nerve theorem for closed covers (theorem 5.5), which is more general than results
previously published in the literature.
Definition. A carrier is invertible if it is bijective and its inverse is a carrier.
Lemma 5.2. If a collection F = {Fi}i∈I is point-finite, then its nerve is well defined
and a function Fi 7→ bst v(Fi) is an invertible carrier, where bst v(Fi) is a barycentric
star of a vertex of the nerve of F that corresponds to Fi.
Proof. This is a reformulation of lemma 2.11.
Lemma 5.3. If a simplicial complex is locally finite dimensional and is endowed with
either weak or metric topology, then its cover by barycentric stars of its vertices is
regular for the class of metric spaces. If a simplicial complex is both locally countable
and locally finite dimensional and is endowed with the metric topology, then its cover
by barycentric stars of its vertices is regular for the class of normal spaces.
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Proof. Let K be a locally finite dimensional simplicial complex and let BK be a cover
ofK by barycentric stars of its vertices. By lemma 2.11, the nerve of BK is isomorphic
to K. Hence BK is locally finite dimensional. By lemma 2.11, BK is locally finite.
What is left to prove is that every intersection of elements of BK is either empty
or is an absolute extensor for the class of metric spaces (or for the class of normal
spaces if K is countable and endowed with the metric topology). By theorem 11.7 on
page 109 of [25] and by theorem 10.4 on page 105 of [25], every simplicial complex is
an absolute neighborhood extensor for the class of metric spaces. By theorem 11.7
on page 109 of [25], a countable simplicial complex with the metric topology is an
absolute neighborhood extensor for the class of normal spaces. By theorem 7.1 on
page 43 of [25], every contractible absolute neighborhood extensor is an absolute
extensor. Hence it suffices to prove that an intersection of a collection of barycentric
stars of vertices of a simplicial complex is either empty, or contractible. Lemma 2.12
finishes the proof.
Remark 5.4. Conditions listed in theorem 11.7 on page 109 of [25] allow to state
other variants of lemma 5.3, i.e. if the complex is endowed with the metric topology
but is not necessarily countable, then the cover is regular for the class of fully normal
spaces, etc.
Putting everything together we obtain a nerve theorem for homotopy equiva-
lences. We state the theorem for closed covers, which generalizes a nerve theorem by
J. N. Haimov [19]. An analogous theorem for open covers may also be proved. We do
not state it here as it turns out to be equivalent to the nerve theorem by A. Weil [37].
Theorem 5.5. Assume that a closed cover F of a normal space X is regular for
the class of metric spaces. If F is star-countable, then X and the nerve of F are
homotopy equivalent.
The main theorem of [19] states the same conclusion under the additional assump-
tion that F is star-finite and X is paracompact. The topology on the nerve of F is
either weak or metric; by theorem 6.4 on page 81 of [7], the identity map from a
simplicial complex endowed with a weak topology into itself, endowed with a metric
topology, is a homotopy equivalence.
Proof. Let B : F → BF be an invertible carrier as defined in lemma 5.2. By the
carrier theorem and lemma 5.3 there exist κ : X → N(F) and λ : N(F)→ X carried
by B and B−1 respectively. Then λ◦κ is carried by B−1◦B so it is F-close to idX and
by corollary 5.1 λ is a homotopy inverse of κ. Analogously κ is a homotopy inverse
of λ so X and N(F) are homotopy equivalent.
Chapter 6
Anticanonical maps and
semiregularity
6.1 A nerve theorem and the notion of semiregu-
larity
The crux of the proof of theorem 5.5 is the proof of the existence of a map λ
carried by the carrier B−1 defined in lemma 5.2. These maps are very important in
the sequel.
Definition. A map from the nerve of a closed cover F into the underlying space is
an anticanonical map of F if it is carried by the carrier B−1 defined in lemma 5.2.
Proposition 6.1. If an AE(n)-cover is point-finite and has at most n-dimensional
nerve, then it admits an anticanonical map.
Proof. Let F be a point-finite AE(n)-cover with at most n-dimensional nerve. By
lemma 5.3, the cover BF of the nerve of F by barycentric stars of its vertices is locally
finite (by the definition of a regular cover). By lemma 5.2, BF is isomorphic to F.
In particular, it is locally finite dimensional. By the carrier theorem, the empty map
extends over the nerve of F to a map carried by B−1. This map is an anticanonical
map of F.
The notion of an anticanonical map is dual to the notion of a canonical map. For
closed covers, we define canonical maps as follows.
Definition. A map from a space into the nerve of its closed cover F is a canonical
map of F if it is carried by the carrier B defined in lemma 5.2.
Proposition 6.2. Every closed locally finite and locally finite dimensional cover of a
metric space admits a canonical map.
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Proof. Apply lemma 5.3 and the carrier theorem.
If a cover satisfies assumptions of propositions 6.1 and 6.2, then it is regular for
the class of at most n-dimensional metric spaces (the assumption that its nerve is at
most n-dimensional is not needed). For brevity, we employ the following definition.
Definition. We say that a closed cover is n-regular if it is a locally finite locally finite
dimensional AE(n)-cover, i.e. if it is regular for the class of at most n-dimensional
metric spaces.
Nerve theorem. The n-dimensional skeleton of the nerve of a closed n-regular cover
of an at most n-dimensional metric space X is n-homotopy equivalent to X. In
particular, if two at most n-dimensional metric spaces admit isomorphic closed n-
regular covers, then they are n-homotopy equivalent.
Proof. We prove the second assertion first. Let X and Y be at most n-dimensional
metric spaces and let F = {Fi}i∈I and G = {Gi}i∈I be isomorphic closed n-regular
covers of X and Y respectively. The map C : F → G that assigns Gi to Fi for each
i ∈ I is an invertible carrier. By the assumption, F is a closed locally finite locally
finite dimensional cover of X and G is an AE(X)-cover, because X is at most n-
dimensional. Hence, by the carrier theorem, there exists a map κ : X → Y , carried
by C. By the symmetry of assumptions, there exists a map λ : Y → X , carried by
C−1. Let Φ be a map from an at most (n − 1)-dimensional simplicial complex into
X . The map λ ◦ κ is carried by C−1 ◦ C, hence it is F-close to the identity on X .
Therefore, by corollary 5.1, λ ◦ κ ◦ Φ is homotopic to Φ, hence λ is an n-homotopy
inverse of κ. Analogously, κ is an n-homotopy inverse of λ, so κ and λ are n-homotopy
equivalences and X is n-homotopy equivalent to Y .
Let BF be the cover of the nerve N(F) of F by barycentric stars of its vertices.
Let B(n)F denote the restriction of BF to the n-dimensional skeleton of the first barycen-
tric subdivision of the nerve of F. It is isomorphic to BF , which is isomorphic to F
by lemma 5.2. By lemma 5.3, BF is regular for the class of metric spaces. Hence,
by the cellular approximation theorem (see [21, Corollary 4.12]), B(n)F is n-regular.
Therefore, by what we proved in the first paragraph, X is n-homotopy equivalent
to the n-dimensional skeleton of the first barycentric subdivision of the nerve of F.
By the cellular approximation theorem, inclusions of n-dimensional skeleton of N(F)
into N(F) and of n-dimensional skeleton of the first barycentric subdivision of N(F)
into N(F) are weak n-homotopy equivalences. Hence, the inclusion of the former
skeleton into the latter skeleton is a weak n-homotopy equivalence. By Whitehead’s
characterization, both skeletons are n-homotopy equivalent. We are done.
Remark 6.3. If a closed n-regular cover of an at most n-dimensional space has an at
most n-dimensional nerve, then by proposition 6.2 and by proposition 6.1, it admits
both a canonical and an anticanonical map. By an argument used in the proof of the
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nerve theorem, these maps are n-homotopy equivalences and are n-homotopy inverses
of each other.
Definition. We say that a closed cover is n-semiregular if it is a locally finite cover
with at most n-dimensional nerve, which admits an anticanonical map that is an
n-homotopy equivalence.
Lemma 6.4. Every closed n-regular cover with at most n-dimensional nerve is n-
semiregular.
Proof. Apply proposition 6.1 and remark 6.3.
Proposition 6.5. Every ANE(n)-space admits an open cover U such that every
anticanonical map of a closed locally finite locally finite dimensional cover that re-
fines U is an n-homotopy equivalence. In particular, if a closed locally finite cover
refines U, has at most n-dimensional nerve and admits an anticanonical map, then it
is n-semiregular.
Proof. Let X be an ANE(n)-space. By theorem 2.4, there exists an open cover U
of X such that every two U-close maps into X are homotopic, provided that their
domain is an at most (n− 1)-dimensional metric space. We will show that U satisfies
our claim. Let F ba a closed locally finite locally finite dimensional cover of X that
refines U and has an anticanonical map λ : N(F) → X . By proposition 6.2, there
exisits a canonical map κ : X → N(F) of F. By lemma 5.3 and corollary 5.1, the
composition κ ◦ λ is homotopic to the identity of N(F). By the definitions, the
composition λ ◦ κ is F-close to the identity of X . Hence, for each map f from an
at most (n − 1)-dimensional simplicial complex into X , the composition λ ◦ κ ◦ f is
U-close to f , hence homotopic to f , by the choice of U. So, λ ◦ κ is n-homotopic to
the identity on X . Hence, κ and λ are n-homotopy inverses of each other.
Proposition 6.6. If F is a closed n-semiregular cover of an at most n-dimensional
ANE(n)-space X, then every map from an at most (n − 1)-dimensional simplicial
complex into an element of F is null-homotopic in X.
Proof. Let f be a map from an at most (n − 1)-dimensional simplicial complex into
an element of F. By proposition 6.2, there exists a canonical map of F, which we
denote by κ. Let λ be an anticanonical map of F that is an n-homotopy equivalence.
By Whitehead’s characterization, there exists a map µ : X → N(F) such that λ ◦ µ
is n-homotopic to the identity on X . The composition κ ◦ λ is carried by B ◦B−1, so
it is BF-close to the identity on the nerve of F and by corollary 5.1, it is homotopic
to it. Hence, µ is homotopic to κ ◦ λ ◦ µ, which is n-homotopic to κ. The identity on
X is n-homotopic to λ ◦ µ, which is n-homotopic to λ ◦ κ. Hence, by the definition
of n-homotopy, f is homotopic to (λ ◦ κ) ◦ f . But κ ◦ f is null-homotopic because its
image lies entirely in a barycentric star of a vertex of the nerve of F, by the definition
of κ and the assumption that the image of f lies entirely in an element of F. Thus f ,
being homotopic to λ ◦ κ ◦ f , is null-homotopic.
44 Chapter 6: Anticanonical maps and semiregularity
6.2 A construction of regular covers
We will now present a theorem (theorem 6.7) that allows us to construct an n-
regular cover from an n-semiregular cover. We are still far away from its proof, which
will be given in chapter 11.
Definition. We say that a cover F is n-contractible in a cover G if it refines G and if
every map of an at most (n− 1)-dimensional simplicial complex into an element of F
is null-homotopic in an element of G.
By a way of example, note that proposition 6.6 states that every closed n-
semiregular cover of an at most n-dimensional ANE(n)-space X is n-contractible
in {X}.
Theorem 6.7. There exists a constant N such that if a closed star-finite k-regular
n-semiregular (k < n) interior Nn-cover F is n-contractible in a cover E, then there
exists a closed (k + 1)-regular n-semiregular interior Nn-cover isomorphic to F and
refining stN E. Moreover, we may require that the constructed cover is equal to F on
a neighborhood of a given Z(F)-set.
The rest of this section is devoted to proofs of three corollaries of theorem 6.7 that
will be used in the proof of the main theorem.
Corollary 6.8. If F is a closed star-finite n-semiregular interior Nn-cover of a
space X and Z is a Z(F)-set, then there exists a closed n-regular interior Nn-cover
of X that is isomorphic to F and is equal to F on a neighborhood of Z.
Proof. By proposition 6.6, every closed n-semiregular cover of X is n-contractible
in {X}. Let F0 = F. By theorem 6.7 applied recursively with E = {X}, for each
0 < k < n there exists a closed star-finite k-regular n-semiregular interior Nn-cover
Fk of X that is isomorphic to Fk−1 and is equal to Fk−1 on a neighborhood of Z.
The cover Fn is a cover that satisfies our claim.
Corollary 6.9. For every cover U of an Nn-space X there exists a cover V of X
such that if F is a closed star-finite n-semiregular interior Nn-cover that refines V
and Z is a Z(F)-set, then there exists a closed n-regular interior Nn-cover of X that
is isomorphic to F, is equal to F on an open neighborhood of Z and refines U.
Proof. Let N be the constant obtained via theorem 6.7. By theorem 2.4, for each
open cover Uk of X there exists an open cover Vk of X that is n-contractible in Uk.
Define recursively a sequence Un−1,Vn−1, . . . ,U0,V0 of open covers of X such that
stN Un−1 refines U, Vk is n-contractible in Uk and stN Uk−1 refines Vk. We will show
that V = V0 satisfies our claim. Let F0 = F. By the assumption, F0 refines V0, hence
it is n-contractible in U0. For k = 1, 2, . . . , n, we apply theorem 6.7 to a cover Fk−1
with E = Uk−1 and obtain a closed k-regular n-semiregular interior Nn-cover Fk of X
that is isomorphic to Fk−1, refines stN Uk−1 (and hence Vk) and is equal to Fk−1 on a
neighborhood of Z. The cover Fn is a cover that satisfies our claim.
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Definition. We say that a cover is m-barycentric if its nerve has a structure of an
mth barycentric subdivision of a locally finite simplicial complex K. We say that K
is a primary complex of the cover.
Corollary 6.10. For every n and k there is a constant mn,k such that if E is
an n-regular mn,k-barycentric cover of an Nn-space X, F is a closed star-finite n-
semiregular interior Nn-cover that refines stk E and Z is a Z(F)-set, then there exists
a closed n-regular interior Nn-cover of X that is isomorphic to F, refines stmn,k E and
is equal to F on an open neighborhood of Z.
To prove corollary 6.10 we need four lemmas stated below. The notion of a join
is auxiliary and won’t be used later.
Definition. A kth join jnk F of an m-barycentric cover F with primary complex K
is a cover by those (2k−1)th stars of elements of F that correspond to vertices of the
(m− k)th barycentric subdivision of K.
Remark 6.11. If a cover is m-barycentric, then its kth join is (m − k)-barycentric,
when considered with the same primary complex. Also, every m-barycentric cover
is k-barycentric for each k < m. For each (k + l)-barycentric cover F, we have
jnk jnl F = jnk+lF.
Lemma 6.12. If F is m-barycentric, then st2
m−1−1F ≺ jnmF ⊂ st2
m−1F.
Proof. The second relation follows directly from the definition. To prove the first
relation, consider a discrete metric on the set F, with the distance between two
elements of F defined to be the length of a shortest chain containing them, decreased
by 1 (a chain is a sequence of sets in which every two consecutive elements intersect).
Then elements of st2
m−1−1F correspond to balls of radius 2m−1−1 in F and elements
of jnmF correspond to balls of radius 2m− 1 in F, but with centers in elements of F
corresponding to vertices of the primary complex K of F. The nerve of F is mth
barycentric subdivision of K, hence a distance of an element of F from an element
that corresponds to a vertex of K is not greater than 2m−1. We are done.
Definition. We say that a subcomplex L of a complex K is full if it contains every
simplex spanned in K by its vertices.
Lemma 6.13. If L1, L2, . . . , Lk are subcomplexes of some other complex, then
bstm L1 ∩ . . . ∩ bst
m Lk = bst
m−1(bstL1 ∩ . . . ∩ bstLk),
for each m > 1.
Proof. Assume L and M are subcomplexes of some other complex. We shall prove
that
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(1) If L ∪M is full, then bstL ∩ bstM = bst(L ∩M).
We have to show that bstL ∩ bstM ⊂ bst(L ∩M). Assume that L ∪M is a full
subcomplex of a complex K. Observe that for each pair of vertices v1, v2 ∈ K the
interesction bst v1∩bst v2 is non-empty if and only if v1, v2 are connected by an edge.
Let v be a vertex in bstL∩bstM . Then v ∈ bst v1 and v ∈ bst v2 for some v1 ∈ L and
v2 ∈ M . Then v1 and v2 are connected by an edge, which must be contained either
in L or in M , because L ∪M is full. Hence either v1 or v2 is contained in L ∩M .
Therefore v is contained in bst(L ∩M) and we are done.
A barycentric star of a subcomplex is always full, hence (1) yields the equality
bst(bstm−1 L1) ∩ bst(bst
m−1 L2 ∩ . . . ∩ bst
m−1 Lk) = bst(bst
m−1 L1 ∩ . . .bst
m−1 Lk).
An elementary induction on m and k finishes the proof (observe that bst(bstm−1 L) =
bstm−1(bstL)).
Lemma 6.14. If L is a full subcomplex of a locally finite dimensional simplicial
complex K, then bstL and L are homotopy equivalent.
Proof. Let L denote the collection of barycentric stars of vertices of L, taken in K.
Since L is a full subcomplex of K, L is isomorphic to the cover of L by barycentric
stars of its vertices, taken in L. Hence, by lemma 5.2, the nerve of L is equal to
L. By lemma 5.3 and by the definition of bstL, L is a regular cover of bstL. By
theorem 5.5, bstL is homotopy equivalent to the nerve of L. We are done.
Lemma 6.15. An mth join a closed n-regular m-barycentric cover of an at most
n-dimensional metric space is n-regular.
Proof. Let F be a closed n-regular m-barycentric cover of an at most n-dimensional
metric space X . Let BF be a cover of the nerve of F by barycentric stars of its vertices.
Let B(n)F be the restriction of BF to the n-dimensional skeleton of the first barycentric
subdivision of the nerve of F. We have to show that non-empty intersections of ele-
ments of jnm F are absolute extensors in dimension n. Fix any such intersection A.
Let B be the intersection of the corresponding elements of jnm B(n)F . As we argued in
the proof of the nerve theorem, B(n)F is n-regular and isomorphic to F. Clearly, the
restrictions of F to A and of B(n)F to B are n-regular and isomorphic. Hence, by the
nerve theorem, A is n-homotopy equivalent to B. By theorem 2.6, being an absolute
extensor in dimension n is n-homotopy invariant in the class of absolute neighborhood
extensors in dimension n. Hence it suffices to show that B is an absolute extensor
in dimension n, which in turn would follow from the cellular approximation theorem
(see [21, Corollary 4.12]) if the intersections of elements of jnm BF were contractible
(cf. proof of lemma 5.3), which we are about to prove. Let K be a primary complex of
BF such that the nerve of BF is the mth barycentric subdivision of K. Observe that
jnm BF is a collection ofmth barycentric stars of vertices of K. By lemma 6.13, if {vi}
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is a collection of vertices of K, then
⋂
bstm vi = bst
m−1(
⋂
bst vi). By lemma 6.14,
bstm−1(
⋂
bst vi) is homotopy equivalent to
⋂
bst vi. The latter intersection is con-
tractible by lemma 5.2. We are done.
Proof of corollary 6.10. By the definitions, if a cover refines an n-regular cover, then
it is n-contractible in it. By lemma 6.12 and lemma 6.15, the proof is reduced to an
easy recursive application of theorem 6.7 and we omit its details.
The following technical lemma will be used in chapter 8.
Lemma 6.16. Assume that G is a 2-barycentric and n-regular cover of a space Y
and F is a closed locally finite locally finite dimensional cover of an at most n-
dimensional metric space X. If F and G are isomorphic, then every map f defined
on a closed subset of X that maps elements of F into the corresponding elements
of stG extends over the entire domain to a map that maps elements of F into the
corresponding elements of st7 G.
Proof. Let F = {Fi}i∈I and G = {Gi}i∈I . By lemma 6.12 there exists a map q from
the indexing set of stG into the indexing set of jn2 G such that stG Gi ⊂ st
3Gq(i). The
function Fi 7→ st3Gq(i) is a carrier and f is carried by it. By lemma 6.15, jn
2 G is
n-regular, hence by the carrier theorem f extends over the entire domain to a map
g such that g(Fi) ⊂ st3Gq(i). Since Gi ⊂ st3Gq(i), we have Gq(i) ⊂ st4Gi. Hence
st3Gq(i) = st
3
G Gq(i) ⊂ st
3
G st
4Gi = st
7Gi. Hence g maps elements of F into the
corresponding elements of st7 G.
6.3 A construction of semiregular covers
First we briefly describe the technique of the construction (cf. figure 6.1). Consider
an Nn-space X . By lemma 2.26, there exists a weak n-homotopy equivalence of
an at most n-dimensional countable locally finite simplicial complex L and X . By
the strong univerality of X , we may approximate it by a closed embedding. By
lemma 2.21, we may require (and we do) that the approximation is also a weak n-
homotopy equivalence. LetK denote its image. It is a locally finite simplicial complex
embedded as a closed subset of X and the inclusion K ⊂ X is a weak n-homotopy
equivalence. By theorem 2.23, there exists a retraction r : X → K. Let BK be the
cover of K by barycentric stars of its vertices. The nerve of BK is isomorphic to K.
Let F = r−1(BK). It is isomorphic to BK , hence its nerve is isomorphic to K. The
identity on K is an anticanonical map of F. It is a weak n-homotopy equivalence by
the construction. By Whitehead’s characterization, it is an n-homotopy equivalence,
hence F is n-semiregular.
The construction described above allows us to construct a closed n-semiregular
cover of an Nn-space, but it doesn’t give us a control over the size of the constructed
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(a)
v1
v2
v4
v6v7
v3
v5v8
(b)
F1
F2
F3
F4
F7 F6
F5
F8
Figure 6.1: Construction of a semiregular cover.
cover. It is because theorem 2.23 does not give a way to limit the size of fibers of r.
Theorem 6.17 allows us to do just that.
Theorem 6.17. For every open cover U of an Nn-space X there exists a locally finite
simplicial complex K embedded as a closed subset of X and a retraction of X onto K
that is U-close to the identity.
The proof of theorem 6.17 will be given in section 10.4.
Theorem 6.18. For each integer m, each Nn-space X and each Z-set Z in X
there exist arbitrarily small closed star-finite m-barycentric n-semiregular interior
Nn-covers F of X such that Z is a Z(F)-set.
Proof. Let U be an open cover of X . By theorem 6.17, there exists a locally finite
simplicial complex K embedded as a closed subset of X and a retraction r : X → K
that is U-close to the identity. We may assume that the set of simplices of K refines U
and that K has a structure of an mth barycentric subdivision of another complex.
Let F = r−1(BK) and observe that F is a closed locally finite star-finitem-barycentric
cover that refines stU. By theorem 4.5, there is a swelling G of F to a closed interior
Nn-cover such that Z is a Z(G)-set and G ≺ stU. As K is the nerve of G, the inclusion
of K into X is an anticanonical map of G. By proposition 6.5, if U is small enough,
then G is n-semiregular. We are done.
Chapter 7
Extending homeomorphisms by the
use of a “brick partitionings”
technique
The classical approach to the problem of constructing a homeomorphism between
complete spaces is the brick partitionings technique. Theorem 7.1 enhances this
technique and sets the strategy for the proof of the main theorem.
Definition. We write F1 ≺f F2 if F1 and F2 are covers of the same space and f is
a map from the indexing set of F1 into the indexing set of F2 such that for all i the
element of F1 indexed by i is a subset of the element of F2 indexed by f(i).
Theorem 7.1 (The homeomorphism extension theorem). Assume that Fk and Gk
are sequences of locally finite closed covers of complete spaces X and Y . We do not
assume that X or Y is separable or that Fk or Gk is countable. Assume that Fk
and Gk are isomorphic for all k and fk is a sequence of maps such that for some m
and each k
F2k+1 ≺f2k+1 st
mF2k ≺f2k F2k−1,
stm G2k+1 ≺f2k+1 G2k ≺f2k st
m G2k−1.
If meshes of Fk and of Gk converge to zero, then there exists a unique homeomorphism
from X onto Y that maps each element of Fk into the corresponding element of
stm+1 Gk.
The name of the homeomorphism extension theorem deserves an explanation as
the theorem does not mention explicitly extensions of homeomorphisms. It is justified
by the fact that the uniqueness of the homeomorphism implies that it extends every
partial homeomorphism that maps elements of Fk’s into the corresponding elements
of stm+1 Gk’s.
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Proof. The uniqueness of a homeomorphism from X onto Y that maps elements of Fk
into the corresponding elements of stm+1 Gk is a direct consequence of the assumption
that meshes of Gk converge to zero. Every two maps that satisfy this condition must
be stm+1 Gk-close for all k.
The existence is proved in two steps. Let Fk = {F ki }i∈Ik and Gk = {G
k
i }i∈Ik . In the
first step we prove that there exists a function f : X → Y such that f(F ki ) ⊂ st
m+1Gki
for all k ∈ N and i ∈ Ik. In the second step we prove that it is a homeomorphism.
By the definition, an mth star of an element of a collection of sets is a union
of some of the elements of the collection. We shall call summands of this union
components of the mth star. Note that the set of components of an mth star may
differ from the set of elements of the collection that are subsets of the mth star. If
C is a collection of sets and if C1, C2 are elements of C, then C1 is a component of
stmC C2 if and only if C2 is a component of st
m
C C1.
For each x ∈ X let Ak(x) =
⋃
{stmGki : i ∈ Ik, x ∈ F
k
i }. We first wish to apply
the Cantor theorem to prove that
⋂
k Ak(x) 6= ∅ for each x ∈ X . By local finiteness
of Gk’s, each Ak(x) is closed. The sequence of diameters of Ak(x) converges to zero
as k goes to infinity since Ak(x) is an union of mth stars of intersecting elements of
Gk. The proof of the inclusion Ak+1(x) ⊂ Ak(x) depends on the parity of k. From
the definition of Ak+1(x) it suffices to check that for each i ∈ Ik+1 such that x ∈ F
k+1
i
the inclusion stmGk+1i ⊂ Ak(x) holds.
Assume that k is even. Then F k+1i ⊂ st
m F kfk+1(i). Then for some j ∈ Ik such
that F kj is a component of st
m F kfk+1(i), we have x ∈ F
k
j . Then from the definition
stmGkj ⊂ Ak(x). But Fk and Gk are isomorphic, so G
k
fk+1(i)
is a component of stmGkj .
In particular, Gkfk+1(i) ⊂ st
mGkj . Hence st
mGk+1i ⊂ G
k
fk+1(i)
⊂ stmGkj ⊂ Ak(x), the
first inclusion from the assumption that k is even.
Assume that k is odd. Let j ∈ Ik+1 such that F
k+1
j is a component of st
m F k+1i .
Then F k+1i is a component of st
m F k+1j . In particular, F
k+1
i ⊂ st
m F k+1j . Hence
x ∈ F k+1i ⊂ st
m F k+1j ⊂ F
k
fk+1(j)
, the last inclusion from the assumption that k is odd.
By the definition, stmGkfk+1(j) ⊂ Ak(x) and by the assumptions G
k+1
j ⊂ st
mGkfk+1(j).
Therefore Gk+1j ⊂ Ak(x) so st
mGk+1i ⊂ Ak(x).
Thus Cantor’s theorem applies to give a unique function x 7→ f(x) ∈
⋂
k Ak(x)
such that if x ∈ F ki then f(x) ∈ Ak(x) ⊂ st
m+1Gki for all k ∈ N and i ∈ Ik. Let x ∈ X
and an open neighborhood U of f(x) in Y be given. Take k so large that the star of
f(x) in stm+1 Gk lies in U . By local finiteness of Fk, there is open neighborhood V
of x in X that lies in a star of x in a cover Fk. Then f(V ) ⊂ U , showing that f is
continuous. By the symmetry of assumptions (which we obtain after throwing away
F1 and G1 from the sequences), there exists a continuous map g : Y → X such that
g(Gki ) ⊂ st
m+1 F ki . By these conditions, g(f(F
k
i )) ⊂ st
2m+2 F ki so g ◦ f = idX because
it is st2m+2 Fk-close to idX for all k. Similarly f ◦ g = idY , so f is a homeomorphism
from X onto Y .
Chapter 8
Proof of the main results
In this chapter we prove the main theorem and derive all theorems stated in the
introduction. We use theorems 6.7 and 6.17, whose proofs will be given in the third
part of the paper.
Definition. We say that a cover is a closed partition of an Nn-space X if it is a closed
star-finite n-regular interior Nn-cover of X with at most n-dimensional nerve.
Lemma 8.1. For each open cover U of an Nn-space X there exists a closed partition
F of X that refines U. Moreover, if m is an integer and Z is a Z-set in X, then we
may require that F is m-barycentric and Z is a Z(F)-set.
Proof. Let V be an open cover of X obtained via corollary 6.9 applied to U. By
theorem 6.18 there exists a closed star-finite m-barycentric n-semiregular interior
Nn-cover E that refines V and such that Z is a Z(E)-set. Let F be a closed n-regular
interior Nn-cover of X that refines U and that is isomorphic to E and equal to E on
an open neighborhood of Z. The existence of F follows again from corollary 6.9, this
time applied to E, Z, V and U. By the construction, F is m-barycentric and Z is a
Z(F)-set. We are done.
Definition. If F and G are isomorphic covers of spaces X and Y respectively and h
is a homeomorphism from a subset of X onto a subset of Y , then we say that F and
G are compatible with h if h maps elements of F into the corresponding elements of
stG and h−1 maps elements of G into the corresponding elements of stF.
Lemma 8.2. If F is a closed partition of an Nn-space X and Y is an Nn-space
n-homotopic to X, then there exists a closed parition G of Y that is isomorphic to
F. Moreover, if an n-homotopy equivalence f : X → Y is a Z-embedding on a closed
subset A of X, then we may require that F and G are compatible with f|A and that
f(A) is a Z(G)-set.
Proof. By theorem 2.4, if a map into an ANE(n)-space is close enough to an n-
homotopy equivalence, then it is an n-homotopy equivalence. Hence, by theorem 2.35,
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we may approximate f relA by a closed embedding h that is an n-homotopy equiv-
alence. By theorem 2.23 there exists a retraction r : Y → h(X). Let F = {Fi}i∈I
and let R = {r−1(h(Fi))}i∈I . The collection R is a closed locally finite cover of Y .
It is isomorphic to F, hence it is star-finite and has at most n-dimensional nerve.
Covers F and R are compatible with f|A by the definition of r and h. Let λ be an
anticanonical map of F and an n-homotopy equivalence of N(F) and X . The map
f ◦ λ is an anticanonical map of R and an n-homotopy equivalence of N(R) and
Y . Hence R is n-semiregular. By theorem 4.5 there is a closed interior Nn-cover H
that is a swelling of R and such that h(A) is a Z(H)-set. We may assume that the
swelling is so small that F and H are compatible with f|A. The cover H is isomorphic
to R, hence it is star-finite and has at most n-dimensional nerve. As a swelling of an
n-semiregular cover, H admits an anticanonical map that is an n-homotopy equiva-
lence. Hence H is n-semiregular. We apply corollary 6.8 to H and to the Z(H)-set
h(A) to obtain a closed n-regular interior Nn-cover G isomorphic to H and equal to
H on an neighborhood of h(A). This cover satisfies all prescribed conditions.
Lemma 8.3. For each n there exists an integer m such that if F and G are isomorphic
closed m-barycentric partitions of Nn-spaces X and Y respectively and P is a closed
partition of X such that P ≺p F (where p is a map from the indexing set of P into the
indexing set of F), then there exists a closed partition Q of Y that is isomorphic to
F and such that Q ≺p stm G. Moreover, if h is a Z(G)-embedding of a closed subset
A of X into Y such that F and G are compatible with h, then we may require that P
and Q are compatible with h as well.
Proof. We let m to be equal to mn,9+1 or 2, whichever is greater, with mn,9 obtained
via corollary 6.10. Let F = {Fi}i∈I and G = {Gi}i∈I .
By the carrier theorem, there is a map f : X → Y that maps elements of F
into the corresponding elements of G. The composition of f with a canonical map
of G is a canonical map of F. By the nerve theorem, canonical maps of F and of G
are n-homotopy equivalences. Hence f is an n-homotopy equivalence as well. By
lemma 2.21 and by Whitehead’s characterization, every approximation of f that is
sufficiently close is an n-homotopy equivalence. By the definition, every approxima-
tion of f within G maps elements of F into the corresponding elements of G. Hence
by corollary 3.7 we may assume that f is a closed embedding that has image disjoint
from h(A). The function h−1∪ f−1 is well defined and continuous and maps elements
of G into the corresponding elements of stF. By lemma 6.16, h−1 ∪ f−1 extends over
Y to a map g that maps elements of G into the corresponding elements of st7F. Note
that g−1(Fi) ⊂ st8Gi.
Let P = {Pj}j∈J . Let R = {g−1(Pj)}j∈J . We have R ≺p st8 G. The collection
R is a closed locally finite cover of Y . It is isomorphic to P, hence it is star-finite
and has at most n-dimensional nerve. Covers P and R are compatible with h by the
definition of g. Let λ be an anticanonical map of P and an n-homotopy equivalence
of N(P) and X . The map f ◦ λ is an anticanonical map of R and an n-homotopy
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equivalence of N(R) and Y . Hence R is n-semiregular. By 4.5 there is a closed,
locally finite interior Nn-cover S that is a swelling of the cover R such that h(A)
is a Z(S)-set. If the swelling is small enough, then S ≺ st9 G and covers P and S
are compatible with h. Let Z be a Z(S)-set that contains h(A) and meets every
non-empty intersection of elements of S (we may let Z to be the union of h(A) and
im f ◦ λ, by remark 3.5 and by proposition 3.3 this set is a Z(S)-set). We apply
corollary 6.10 to S, Z(S)-set Z and E = G to obtain a closed n-regular Nn-cover Q
that refines stmn,9 , is isomorphic to S and is equal to S on an neighborhood of Z. We
have Q ≺ stmn,9 G. By the assumption that Z meets every non-empty intersection
of elements of S, we have Q ≺p stmn,9+1 G. The cover Q is a closed partition of Y .
Since Q is equal to S on h(A), partitions P and Q are compatible with h. We are
done.
Lemma 8.4. For each n there exists a constant m such that if F is an m-barycentric
closed partition of an n-dimensional No¨beling manifold X and G is an isomorphic
closed partition of an n-dimensional No¨beling manifold Y , then there exists a home-
omorphism from X onto Y that maps elements of F into the corresponding elements
of stm G. Moreover, if F and G are compatible with a homeomorphism h of a Z-set
in X onto a Z(G)-set in Y , then we may require that the ambient homeomorphism
extends h.
Proof. Let m be a constant obtained via lemma 8.3 applied to n. We will construct
a sequence of covers and functions G1,F1,F2, f2,G2,G3, f3,F3, . . . (in this particular
order), where fk is a map from the indexing set of Fk (and of Gk) into the indexing
set of Fk−1 (and of Gk−1), such that the following conditions are satisfied for each k.
(1) Fk and Gk are isomorphic closed m-barycentric partitions of X and Y respec-
tively.
(2) Z1 is a Z(F2k)-set and Z2 is a Z(G2k−1)-set.
(3) meshF2k <
1
k
and mesh G2k+1 <
1
k+1
.
(4)
stmF2k ≺f2k F2k−1, F2k+1 ≺f2k+1 st
mF2k
G2k ≺f2k st
m G2k−1, stm G2k+1 ≺f2k+1 G2k.
(5) Fk and Gk are compatible with h.
By corollary 2.36, there exists a closed embedding h1 : X → Y and a closed
embedding h2 : Y → X such that h1|Z1 = h, h2|Z2 = h
−1 and both h1 and h2 are
n-homotopy equivalences.
We let G1 = G and F1 = F. Let k ≥ 1 and assume that we already constructed
G2k−1 and F2k−1. Let U be an open cover of X with mesh less than 1/k and such that
stm U refines F2k−1. By lemma 8.1, there exists a closed m-barycentric partition F2k
of X that refines U and such that Z1 is a Z(F2k)-set. By the choice of U, the mesh
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of F2k is less than 1/k and there exists a function f2k such that F2k ≺f2k F2k−1. We
let f2k to be any such function. By the choice of m and by lemma 8.3 applied with
F = F2k−1, G = G2k−1, P = F2k and p = f2k, there exists a closed partition G2k of Y
that is isomorphic to F2k, satisfies the identity stm G2k ≺f2k G2k−1 and such that F2k
and G2k are compatible with h.
The construction of G2k+1 and f2k+1 is similar to the construction of F2k and f2k
and the construction of F2k+1 is similar to the construction of G2k.
We constructed a sequence G1,F1,F2, f2, . . . that satisfies conditions (1) - (5)
stated above. Hence by theorem 7.1, there exists a homeomorphism from X onto Y
that maps elements of Fk into the corresponding elements of st
m+1 Gk. By (5), the
restriction of this homeomorphism to Z1 is st
m+1 Gk-close to h for each k. By (3),
meshes of stm+1 Gk converge to 0, so this restriction must be equal to h, hence the
constructed homeomorphism extends h. We are done.
Now we are set to prove the main theorem. Let us recall the statement.
Main theorem. A homeomorphism h : Z1 → Z2 of a Z-set Z1 in an Nn-space X
onto a Z-set Z2 in an Nn-space Y extends to an ambient homeomorphism if and only
if it extends to an n-homotopy equivalence of X and Y .
Proof. Only the “if” part requires a proof. Let m be a constant obtained via
lemma 8.4 applied to n. Let h2 : X → Y be an extension of h−1 to an n-homotopy
equivalence. It exists by corollary 2.36. By lemma 8.1, there exists a closed m-
barycentric partition G of Y such that Z2 is a Z(G)-set. By lemma 8.2 applied to
G and an n-homotopy equivalence h2, there exists a closed partition F of X that is
isomorphic to G and such that Z1 = h2(Z2) is a Z(F)-set and F and G are compatible
with h. An application of lemma 8.4 finishes the proof.
The proof of the local Z-set unknotting is similar. Let us recall the statement.
Local Z-set unknotting theorem. For every open cover U of a No¨beling mani-
fold X there exists an open cover V such that every homeomorphism h : Z1 → Z2
between Z-subsets of the manifold that is V-close to the inclusion Z1 ⊂ X extends to
a homeomorphism of the entire manifold that is U-close to the identity.
Proof. Let U be an open cover of an n-dimensional No¨beling manifold X . Let m
be a constant obtained via lemma 8.4 applied to n. Let W be an open cover of X
whose (2m+ 1)-th star refines U. By lemma 8.1, there exists a closed m-barycentric
partition G of X that refines W. We let V be an open cover whose star refines G. We
will show that it satisfies the assertion of the theorem.
Let h : Z1 → Z2 be a homeomorphism between Z-subsets of X that is V-close to
the inclusion of Z1 into X . Observe that neither Z1 nor Z2 has to be a Z(G)-set.
By theorem 3.6, there exists a closed Z(G)-embedding i : Z1 → X that is V-close
to the inclusion of Z1 into X . Let F = G. Since stV refines G, both i and i ◦ h−1
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map elements of G into their stars. Hence partitions F and G are compatible with
i and with i ◦ h−1. By lemma 8.4, there exists a homeomorphism h1 of X onto X
that extends i and maps elements of G into the corresponding elements of stm G and
a homeomorphism h2 of X onto X that extends i ◦ h−1 and maps elements of G
into the corresponding elements of stm G. Observe that h−12 maps elements of G into
the corresponding elements of stm+1 G, hence h−12 ◦ h1 maps elements of G into the
corresponding elements of st2m+1 G. By the construction, h−12 ◦ h1 extends h and is
U-close to the identity. We are done.
Z-Set unknotting theorem. A homeomorphism between Z-sets in n-dimensional
No¨beling manifolds extends to an ambient homeomorphism if and only if it extends
to an n-homotopy equivalence.
Proof. By theorem 2.15, the n-dimensional No¨beling space is strongly universal in
dimension n. By corollary 2.28, it is absolute extensor in dimension n. Therefore
theorems 2.4 and 2.16 imply that No¨beling manifolds are Nn-spaces. Therefore the
Z-set unknotting theorem is just a special case of the main theorem, which we just
proved.
Open embedding theorem. Every n-dimensional No¨beling manifold is homeomor-
phic to an open subset of the n-dimensional No¨beling space.
Proof. By proposition 2.29, every Nn-space is n-homotopy equivalent to an open
subset of νn. Hence, by the main theorem, it is homeomorphic to an open subset of
νn.
Characterization theorem. An n-dimensional Polish space is a No¨beling manifold
if and only if it is an ANE(n)-space and is strongly universal in dimension n.
Proof. By the definition, every open subset of νn is an n-dimensional No¨beling man-
ifold. See the proof of the open embedding theorem.
Sum theorem. If a space X is an union of two closed n-dimensional No¨beling man-
ifolds whose intersection is also an n-dimensional No¨beling manifold, then X is an
n-dimensional No¨beling manifold.
Proof. By the characterization theorem, every n-dimensional No¨beling manifold is
an Nn-space. By corollary 3.8, an union of two closed Nn-spaces that meet in an
Nn-space, is an Nn-space. By the characterization theorem, every Nn-space is an
n-dimensional No¨beling manifold. We are done.

Part III
Constructing n-semiregular and
n-regular Nn-covers

Chapter 9
Basic constructions in Nn-spaces
9.1 Adjustment to a Z-collection
See page 30 for the definition of a Z-collection.
Lemma 9.1. Every star-finite locally finite closedNn-cover F admits arbitrarily small
adjustment to a Z-collection. Moreover, given arbitrary Z(F)-set and a closed shrink-
ing of of F, we may assume that the Z-collection is equal to the shrinking on the
Z(F)-set.
Proof. Let F = {Fi}i∈I denote a star-finite locally finite closed Nn-cover of a space X .
Let I = {J ⊂ I : J 6= ∅, FJ 6= ∅}. Order I into a sequence J1, J2, . . . non increasing
in the order by inclusion. Such ordering exists because F is star-finite. Let Z be a
Z(F)-set and let G = {Gi}i∈I be a closed shrinking of F. Let U be an open cover
of X . We construct a sequence of maps {ϕk : FJk → X}k∈N such that for each k the
following conditions are satisfied.
(1k) ϕk is a Z(F)-embedding that is U-close to the inclusion of FJk into X ,
(2k) imϕk ⊂ FJk and imϕk ∩ Z = GJk ∩ Z,
(3k) if Jk ∪ Jl = Jm and l < k, then imϕk ∩ imϕl = imϕm,
(4k) if Jk ( Jl, then ϕk ◦ ϕl = ϕl.
Fix k ∈ N and assume that for each l < k we constructed map ϕl that satisfies
conditions (1l), (2l) and (3l). Let Z1 = FJk ∩ (Z ∪
⋃
l<k imϕl). By (1), ϕl is a
Z(F)-set for each l < k, so Z1 is a Z(F)-set. Let Z2 = (GJk ∩ Z) ∪
⋃
l<k : Jl⊃Jk
imϕl
and observe that Z2 ⊂ Z1 and Z2 ∩ Z = GJk ∩ Z. Let A = FJk ⊔Z2 Z1 denote the
disjoint sum of FJk and Z1 glued along Z2. We treat FJk and Z2 as subspaces of A.
Let f : A → X denote the map induced on A by identities on FJk and Z1. By the
definition, f restricted to Z1 is a Z(F)-embedding. By theorem 3.6, there is a U-
approximation g of f , relZ1 and within F, by a Z(F)-embedding. We let ϕk to be
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the restriction of g to FJk . By the definition of g, ϕk is a Z(F)-embedding that is
U-close to the inclusion of FJk into X and its image lies in FJk . By the definition of
g, imϕk ∩ Z1 = Z2, hence imϕk ∩ Z = imϕk ∩ Z1 ∩ Z = Z2 ∩ Z = GJk ∩ Z. Hence
(1k) and (2k) are satisfied. To verify (3k) observe that if Jk ∪Jl = Jm and l < k, then
m < l and by (3l), imϕm ⊂ imϕl. By the definition, imϕm ⊂ Z2, so imϕm ⊂ imϕk.
Hence imϕl ∩ imϕk ⊃ imϕm. We have imϕl ∩ imϕk = imϕl ∩ imϕk ∩ Z1, because
imϕl ⊂ Z1 as l < k. Hence imϕl ∩ imϕk = imϕl ∩ Z2, because as we noted above
imϕk ∩ Z1 = Z2. Recall that Z2 = (GJk ∩ Z) ∪
⋃
l′<k : Jl′⊃Jk
imϕl′. By (2l) and (2m),
imϕl ∩GJk ∩ Z = GJl ∩ GJk ∩ Z = GJm ∩ Z ⊂ imϕm. Let l
′ < k such that Jl′ ⊃ Jk
and observe that by (3l) and (3l′), imϕl ∩ imϕl′ ⊂ imϕm as Jm ⊂ Jl ∪ Jl′. Hence
imϕl ∩ imϕk = imϕl ∩ Z2 ⊂ imϕm, by the definition of Z2. Hence (3k) is satisfied.
To verify (4k) it is sufficient to see that if Jk ( Jl, then the restriction of ϕk to imϕl
is equal to the inclusion of imϕl into X . But by the definition the restriction of ϕk
to Z2 is equal to the inclusion and imϕl ⊂ Z2 by the definition of Z2.
For every i ∈ I let k(i) denote an integer such that Jk(i) = {i}. Claim: the
collection F′ = {F ′i = imϕk(i)}i∈I satisfies the assertion. Observe that F
′
Jk
= imϕk,
by (3), therefore F′ is a U-adjustment of F, as by (1) every ϕk is U-close to the
identity. Let Jk ( Jk1. Since ϕk1 is a Z(F)-embedding, F
′
Jk1
= imϕk1 is a Z-set
in FJk . Therefore ϕk(F
′
Jk1
) is a Z-set in F ′Jk = imϕk, but by (4) ϕk(F
′
Jk1
) = F ′Jk1
,
therefore F′ is a Z-collection. By (2) F′ is equal to G on Z, so F′ satisfies the
assertion.
9.2 Fitting closed Nn-neighborhoods
Definition. Let F = {Fi}i∈I denote a collection of subsets of a space X . We say
that a set A ⊂ X fits F if it is an AE(n)-space and if for each J ⊂ I the intersection
A ∩ FJ is an AE(n)-space.
Lemma 9.2. Assume that a subset B of a space X fits a collection F = {Fi}i∈I and
F restricted to B is both a Z-collection and an Nn-collection. Assume that f : B → X
is an embedding such that f−1(Fi) = Fi ∩ B. Then f(B) fits F and F restricted to
f(B) is both a Z-collection and an Nn-collection.
Proof. Let F = {Fi}i∈I and let FJ =
⋂
i∈J Fi for each non-empty subset J of I. We
have FJ ∩ f(B) = FJ ∩ im f = f(f−1(FJ)) = f(FJ ∩ B), the last equality by the
assumption that f−1(Fi) = Fi ∩ B for each i ∈ I. By the assumption B fits F,
so FJ ∩ B is AE(n) for each J ⊂ I and so is FJ ∩ f(B). Therefore F fits f(B).
The homeomorphism f : B → f(B) maps collection {Fi ∩ B}i∈I onto a collection
{Fi ∩ f(B)}i∈I . Since the first collection is a Z-collection and an Nn-collection in B,
the second collection is a Z-collection and an Nn-collection in f(B).
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Lemma 9.3. Assume that G = {Gi}i∈I is an Nn-collection and a Z-collection in an
Nn-space Y , V is an open subset of Y and f is a map from an at most n-dimensional
Polish space X into Y . If f is a closed embedding into V on f−1(V ) and A is a closed
(in Y ) subset of V , then f is approximable rel f−1(A) by closed embeddings g such
that g−1(Gi) = f
−1(Gi) for each i ∈ I. Moreover, if Z is a subset of X and f|Z is a
Z(G)-embedding, then such approximations exist rel f−1(A) ∪ Z.
Proof. The proof follows the proof of proposition 2.39. Let V be an open cover of
Y . Let U = Y \ A and let U be an open cover of U obtained via lemma 2.38
applied to U and Y . Without a loss of generality, we may assume that U refines
V. By proposition 3.4, the restriction G/U of G to U is a Z-collection in U and the
restriction of f to Z ∩f−1(U) is a Z(G/U)-embedding into U . By theorem 2.4 and by
theorem 2.16, U is an Nn-space and G/U is an Nn-collection, hence by theorem 3.9,
there exists a U-approximation g of f|f−1(U) relZ∩f
−1(U) by a closed embedding into
U such that g−1(Gi) = f
−1(Gi) for each i ∈ I. By lemma 2.38 and by the choice of
U, the map g ∪ f|f−1(U) is a closed embedding into U and is V-close to f .
Lemma 9.4. Let a finite collection F of subsets of an Nn-space X be both an Nn-
collection and a Z-collection. Then every Z(F)-set A ⊂ X that fits F has arbitrarily
small closed Nn-neighborhoods B that fit F. Moreover, we may require that F re-
stricted to B is both a Z-collection and an Nn-collection of subsets of B.
Observe that we do not assume above that A is an Nn-space.
Proof. The proof is by induction on the cardinality of F. Assume that F is empty.
We have to prove that if A is an absolute extensor in dimension n and a Z-set in X ,
then it has arbitrarily small closed Nn-neighborhoods that are absolute neighborhood
extensors in dimension n. Fix an open neighborhood U of A and let V be another
open neighborhood of A whose closure lies in U . By lemma 2.9 and by remark 2.40,
there is a closed Nn-neighborhood B of A with a property that every partial map
from an n-dimensional Polish space into B extends over the entire domain to a map
into V . By theorem 2.15, there exists a closed embedding f : B → νn. By the
choice of B, there is an extension g : νn → V of f−1. By corollary 3.7, there is
an approximation h of g within an Nn-cover {X,B} by a closed embedding with
image disjoint from A. By Whitehead’s characterization and by lemma 2.21, if the
approximation is close enough (which we assume), then the inclusion of h(f(B))
into B is an n-homotopy equivalence. Consider a space C = B ⊔h(f(B)) h(ν
n), a
disjoint sum of B and h(νn) glued along h(f(B)). By corollary 3.8, it is an Nn-space.
By lemma 2.24, it is an AE(n)-space. Let i : C → B denote a map induced by
inclusions B ⊂ X and h(νn) ⊂ X . It is an embedding on some neighborhood of A.
Hence, by proposition 2.39, it can be approximated by a closed embedding rel some
neighborhood of A. The image of this embedding is a closed Nn-neighborhood of A
that is an AE(n)-space. We may assume that both approximations done above are
close to the identity, so this image lies in U . The basis step of induction is done.
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Let F = {Fi}i∈I , fix j ∈ I, let J = I \ {j} and assume that the theorem is proved
for collections of cardinality J . Fix a pair of open neighborhoods U, V of A as above.
Let F′ = {Fi}i∈J . By the inductive assumption, there is a closed Nn-neighborhood
B′ of A in X that fits F′ and lies in V . Let F′′ = {Fi ∩ Fj}i∈J . Since F is both a
Z-collection and an Nn-collection, F
′′ is a Z-collection and an Nn-collection in Fj .
Since A is a Z(F)-set, A∩Fj is a Z(F
′′)-set. By the inductive assumption, there is a
closed Nn-neighborhood B′′ of A∩ Fj in Fj that fits F
′′ and lies in Fj ∩ IntX B′. Let
B′′′ = B′ ⊔B′′ Fj be a disjoint union of B′ and Fj glued along B′′. Let f : B′′′ → X
be a map induced by inclusions on B′ and Fj . By the assumption that F is a Z-
collection, Fj is a Z(F
′)-set. By the construction, f is an embedding on an open
neighborhood of A. By lemma 9.3 applied to a Z-collection F′, map f and a set
Fj ⊂ B′′′ (f restricted to Fj is a Z(F
′)-embedding), there exists an approximation of
f by a closed embedding g that is equal to f on an union of Fj with a neighborhood
of A and that satisfies equality g−1(Fi) = f
−1(Fi) for each i ∈ J . Let B = g(B
′). It
is a closed Nn-neighborhood of A. We will show that it fits F and that the restriction
of F to B is both a Z-collection and an Nn-collection in B, thus ending the inductive
step.
By the construction, B′ fits F′ and the restriction of F′ to B′ is both an Nn-
collection and a Z-collection. Hence by lemma 9.2 applied to an embedding g|B′ , B
fits F′ and the restriction of F′ to B is both an Nn-collection and a Z-collection. Let
J be a subset of I such that j ∈ J . We have FJ ∩ B = (Fj ∩ B) ∩ FJ = B′′ ∩ FJ .
Since by the construction B′′ fits F′′, the intersection B′′∩FJ is an AE(n)-space and
so is B ∩ FJ . Hence B fits the entire collection F. Again, by the construction F
′′
restricted to B′′ is an Nn-collection, hence the entire collection F restricted to B is
an Nn-collection. To see that this restriction is a Z-collection in B observe that B′′
is a Z-set in B (because Fj is a Z-set in X and B
′′ is a closed subset of Fj that lies
in the interior of B), F′′ is a Z-collection in B′′ (by the construction) and F′ is a
Z-collection in B (by lemma 9.2).
9.3 Patching of holes
Lemma 9.5. Assume that B is a closed Nn-subspace and a Z-set in an Nn-space X.
If ∆ is a k-dimensional simplex embedded in X such that ∂∆ = ∆ ∩ B and N is
an open neighborhood of ∆, then there exists a closed (in X) Nn-subset A of N such
that A ∩ B is an Nn-space, ∆ ⊂ A and the inclusions ∂∆ ⊂ A ∩ B and ∆ ⊂ A are
n-homotopy equivalences.
Proof. Let δ ⊂ νn be a standard k-dimensional simplex isometrically embedded into a
k-dimensional hyperplane that lies in νn. Fix an ε > 0 and let U = {x ∈ νn : d(x, δ) <
ε} and V = {x ∈ νn : d(x, ∂δ) < ε}. Assume that ε is so small that the inclusion
∂δ ⊂ V is an n-homotopy equivalence (cf. proposition 2.27). The inclusion δ ⊂ U
is also an n-homotopy equivalence. By corollary 2.37 applied with D = δ \ ∂δ, the
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inclusion V ⊂ U can be approximated rel ∂δ by a closed embedding g : V → U
with image disjoint from δ \ ∂δ. Let C = g(V ). Since the inclusion ∂δ ⊂ V is an
n-homotopy equivalence, the inclusion g(∂δ) = ∂δ ⊂ C = g(V ) is an n-homotopy
equivalence. Therefore, by theorem 2.23, there is a retraction C → ∂δ. Since δ is
an absolute extensor and δ ∩C = ∂δ, this retraction can be extended to a retraction
r : U → δ. Note that by the construction, r(C) ⊂ ∂δ. Let H : δ → ∆ be any
homeomorphism. By theorem 3.6, (H ◦ r) : U → ∆ can be approximated by a closed
embedding h : U → X rel δ such that h(C) ⊂ B. By the assumption that B is a
Z-set, and by corollary 2.37 applied with D = B \h(C) and relF ∪ δ, we may assume
that h(C) = h(U) ∩ B. Observe that ∆ ⊂ h(U), ∂∆ ⊂ h(C) = h(U) ∩ B and
these inclusions are n-homotopy equivalences. Hence letting A = h(C) finishes the
proof.
Remark 9.6. Assume that ∆, A and B are closed subsets of A ∪ B such that ∆,
A, B and their intersections are at most n-dimensional ANE(n)-spaces. If inclusions
∂∆ ⊂ A ∩ B, ∆ ⊂ A hold and are n-homotopy equivalences, then the inclusion
∆ ∪ B ⊂ A ∪ B is an n-homotopy equivalence.
Proof. By corollary 2.25 applied with X = A, A1 = ∆ and A2 = A∩B, the inclusion
∆ ∪ (A ∩ B) ⊂ A is an n-homotopy equivalence. Hence, by lemma 2.24 applied
with A1 = ∆ ∪ B and A2 = A, the inclusion ∆ ∪ B ⊂ A ∪ B is an n-homotopy
equivalence.
Chapter 10
Core of a cover
Our goal is a proof of theorem 6.7 and we will attain it by “patching of holes” in
a cover. In this chapter we introduce the notion of an n-core of a cover that aids the
“patching” process and allows us to control it.
Definition. Assume that F = {Fi}i∈I is a cover of a space X . A pair 〈K,K〉 con-
sisting of an at most n-dimensional locally finite simplicial complex K embedded as
a closed subset of X and of an interior cover K = {Ki}i∈I of K by subcomplexes
is an n-core of F if for every J ⊂ I the inclusion KJ ⊂ FJ holds and induces an
n-homotopy equivalence. If additionally K is equal to F on K, then we say that the
core is exact. We shall say that K is an exact n-core of F if 〈K, {Fi ∩K}i∈I〉 is an
n-core of F.
Observe that the conditions of the above definition imply that collections F and
K must be isomorphic, because the empty space is not n-homotopy equivalent to an
non-empty space.
Definition. Let F be a cover of a space X , let 〈K,K〉 be an n-core of F and let
U be an open cover of X . We say that a cover G of X is a U-deformation of F
with fixed 〈K,K〉 if 〈K,K〉 is an n-core of G and if Gi is a subset of stU Fi for each
pair of corresponding elements Fi ∈ F and Gi ∈ G (note that F and G must be
isomorphic because they have the same n-core). Sometimes we shall write that G is a
U-deformation of F or that G is a deformation of F, if U and 〈K,K〉 are known from
the context.
Theorem 10.1 is the main theorem of this chapter.
Theorem 10.1. Every closed star-finite interior Nn-cover F with an n-core 〈K,K〉
admits arbitrarily small deformation to a closed interior Nn-cover of which 〈K,K〉
is an exact n-core. Moreover, if L is a subcomplex of K and F is equal to K on
K \ L, then we may additionally require that the deformed cover is equal to F on a
complement of arbitrarily small open neighborhood of L.
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Figure 10.1: Sample application of theorem 10.1.
We prove it in section 10.3. Here we illustrate its typical usage. Consider a
cover F drawn on figure 10.1(a). It contains three sets: F1 (dark one), F2 (the large
transparent box - it contains F1) and F3 (light one). Note that F is not 1-regular:
F3 is disconnected. We want to “patch” F3 by attaching arc ab to it. But ab crosses
F1 and the cover {F1, F2, F3 ∪ ab}, although it is 1-regular, is not isomorphic to F.
Theorem 10.1 gives a solution to this problem, as follows.
Consider a graph K = ab∪ cd and its cover K = {{c}, K, {a, b}}. A pair 〈K,K〉 is
a 1-core of F. Assume that F is a closed interior N1-cover and apply theorem 10.1 to
it. We get a cover {F ′1, F
′
2, F
′
3} drawn on picture 10.1(b) that has 〈K,K〉 as an exact
1-core. Now the construction described above works: if we attach ab to F ′3 we get a
1-regular cover that is isomorphic to F.
10.1 The existence of an n-core
First, to show that theorem 10.1 has a point, we prove that every closed star-finite
locally finite Nn-cover has an n-core. To this end we introduce an auxiliary notion of
an outer n-core.
Definition 10.2. Assume that F = {Fi}i∈I is a cover of a space X . A triple 〈K,K, k〉
is an outer n-core of F if
(1) K is an at most n-dimensional locally finite simplicial complex,
(2) K = {Ki}i∈I is a cover of K by subcomplexes,
(3) k : K → X is a map such that k(Ki) ⊂ Fi and for every J ⊂ I the restriction
of k to KJ is an n-homotopy equivalence of KJ and FJ .
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For example, if F is an n-regular cover and λ is its anticanonical map, then the
triple 〈N(F),BF , λ〉 is an outer n-core of F.
Lemma 10.3. Assume that F = {Fi}i∈I is a star-finite ANE(n)-cover of a space X
and 〈L,L, l〉 is a triple that satisfies all conditions of definition 10.2 with the exception
that the restriction of l to LJ need not to be an n-homotopy equivalence of LJ and
FJ . Then there is an outer n-core 〈K,K, k〉 of F such that L is a subcomplex of K, K
restricted to L is equal to L and k is an extension of l. Moreover, if L is an interior
cover, then we may additionally require that K is also an interior cover.
Proof. Let I = {J ⊂ I : FJ 6= ∅}. Order I into a sequence {Jk} non increasing in
the order by inclusion. Such ordering exists because F is star-finite. By a recursive
application of lemma 2.26 we construct a sequence of triples 〈Wk,Wk, wk〉, starting
with 〈W0,W0, w0〉 = 〈L,L, l〉, such that
(1) Wk−1 is a subcomplex of an at most n-dimensional locally finite complex Wk,
(2) Wk = {W ki }i∈I is a cover of Wk by subcomplexes and
W ki =
{
W k−1i i /∈ Jk
W k−1i ∪ (Wk \Wk−1) i ∈ Jk,
(3) wk is an extension of wk−1 onto Wk such that wk restricted to W
k
Jk
is an n-
homotopy equivalence of W kJk and FJk .
We take K =
⋃
Wk (with the direct limit topology), k =
⋃
wk and K = {Ki =⋃
W ki }i∈I . Obviously the triple 〈K,K, k〉 has all required properties; the complex K
is locally finite because of the assumption that F is star-finite.
Now assume that L is an interior cover. A simple modification of the construction
described above assures that the constructed cover K is also an interior cover. Let
Wk−1/2 denote a complex Wk−1 ∪ Ck, where Ck = W
k−1
Jk
× {0, 1} ∪W k−1Jk
(n−1)
× [0, 1]
- a cylinder taken over W k−1Jk with removed interiors of n-dimensional simplices. Let
p : Wk−1/2 → Wk−1 be a natural projection. Let Wk−1/2 = p
−1(Wk−1) and wk−1/2 =
wk−1 ◦ p. Construct 〈Wk,Wk, wk〉 as above, but over 〈Wk−1/2,Wk−1/2, wk−1/2〉 instead
of 〈Wk−1,Wk−1, wk−1〉 and in such a way, that the closure of Wk \Wk−1 intersects
only W k−1Jk × {1}. It is easy to verify that with such construction if L is an interior
cover, then K is also an interior cover.
By proving theorem 10.5 we will show that every closed star-finite locally finite
Nn-cover has an n-core.
Lemma 10.4. For each closed locally finite ANE(n)-cover F = {Fi}i∈I of a space X
there exists an open cover U of X satisfying the following condition.
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For each J ⊂ I and each map ϕ from at most (n− 1)-dimensional space
into FJ =
⋂
i ∈ JFi, every map into FJ that is U-close to ϕ is homotopic
to it (in FJ).
Proof. By theorem 2.4(3) for every J ⊂ I there is an open cover UJ of FJ such that
every two UJ -close maps into FJ from at most (n − 1)-dimensional Polish space are
homotopic. Since F is closed and locally finite there is an open cover U of X such
that for every J ⊂ I the cover U restricted to FJ refines UJ . This cover satisfies our
claim.
Theorem 10.5. Let F = {Fi}i∈I be a closed star-finite locally finite Nn-cover of a
space X. Let L be a locally finite simplicial complex embedded as a closed subset of
X. Let L = {Li}i∈I be an interior cover of L by subcomplexes such that Li ⊂ Fi for
each i ∈ I. Then there exists an n-core 〈K,K〉 of F such that L is a subcomplex of
K and K is equal to L on L. Moreover, if Z is a Z(F)-set, then we may additionaly
require that K \ L is disjoint from Z.
Proof. Let F = {Fi}i∈I be a closed star-finite locally finite Nn-cover of a space X . By
lemma 10.4, there exist an open cover U of X that satisfies the following condition.
(*)
For each J ⊂ I and each map ϕ from at most (n − 1)-dimensional
space into FJ , every map into FJ that is U-close to ϕ is homotopic
to it (in FJ).
Let l denote the inclusion of L into X . By lemma 10.3 the triple 〈L,L, l〉 can be
enlarged to an outer n-core 〈W,W, w〉 of F. By theorem 3.6 and by remark 3.5 there
exists a U-approximation of w within F relL by a closed embedding v with image
disjoint from Z \ L. Then v|WJ is U-close to w|WJ so by (*), the inclusion of v(WJ)
into FJ is an n-homotopy equivalence (see the proof of Whitehead’s characterization).
Therefore 〈v(W ), v(W)〉 is an n-core of F. Since v|L is equal to l, L is a subcomplex
of v(W ) and v(W) is equal to L on L.
Remark 10.6. Let F be a closed star-finite locally finite Nn-cover of a space X .
Let U be a cover satisfying the condition stated in lemma 10.4. Assume that 〈K,K〉
is an n-core of F, where K = {Ki}i∈I . If G = {Gi}i∈I is a U-adjustment of F
such that Ki ⊂ Gi for each i ∈ I, then 〈K,K〉 is an n-core of G. To prove it fix
J ⊂ I and let h : GJ → FJ be a homeomorphism that is U-close to the identity. The
inclusion of h(KJ) into FJ is U-close to the identity on KJ , hence it is n-homotopic
to it. Therefore the inclusion of KJ = h
−1(h(KJ)) into GJ = h
−1(FJ) is a weak
n-homotopy equivalence.
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10.2 An n-core of a limit of a sequence of defor-
mations
The purpose of this section is to prove an analogue of proposition 4.3 for sequences
of deformations. Observe that, even if deformations are done on a discrete family of
open subsets, the limit of the sequence doesn’t have to be a deformation of the original
cover. Figure 10.2 gives an appropriate example: the singleton K is weak 1-homotopy
equivalent to the set Fn obtained from F0 by disconnecting n “bridges”. But it is not
weak 1-homotopy equivalent to the set that we get in the limit of this construction,
because F∞ =
⋂
Fn is disconnected.
K
U1 U2 U3 U4 U5
F2
. . .
U6
Figure 10.2: K is not a 1-core of F∞ =
⋂
Fn.
Lemma 10.7. Let {Um}m≥1 be a discrete family of open subsets of a space X and
for each m let Vm be an open subset of Um. Let Fm (m ≥ 0) be a closed star-finite
locally finite Nn-cover of X \
⋃
k>m Vk and assume that Fm’s are pairwise isomorphic.
Assume that Fm−1 is equal to Fm on X \ Um and that it is a shrinking of Fm on
Um \Vm. If 〈K,K〉 is an n-core of Fm for each m, then it is an n-core of limm→∞Fm.
Lemma 10.7 is a direct consequence of the following lemma.
Lemma 10.8. Let {Um}m≥1 be a discrete family of open subsets of a space X and
for each m let Vm be an open subset of Um. Let Fm (m ≥ 0) be a closed star-finite
locally finite Nn-cover of X \
⋃
k>m Vk and assume that Fm’s are pairwise isomorphic.
If Fm is equal to Fm−1 on the complement of Um, then F = limm→∞Fm is a closed
star-finite locally finite Nn-cover of X. Assume that Fm is a swelling of Fm−1 on
Um \ Vm and let 〈Km,Km〉 be an n-core of Fm, where Km = {Kmi }i∈I. If Km−1 is
a subcomplex of Km, Km−1 is a shrinking of Km and K =
⋃
Km is a locally finite
complex embedded as a closed subset of X, then 〈K,K〉 is an n-core of F, where
K = {Ki}i∈I and Ki =
⋃
m≥1K
m
i .
Proof. To prove that F is a closed locally finite Nn-cover of X it is sufficient to
observe that the sequence Fm stabilizes locally and consists of closed locally finite
Nn-covers. Also F must be star-finite because Fm’s are pairwise isomorphic. What
is left is to check that 〈K,K〉 is an n-core of F. Let Fm = {Fmi }i∈I and F = {Fi}i∈I
Chapter 10: Core of a cover 69
where Fi =
⋂
j
⋃
k≥j F
k
i . Fix J ⊂ I. By the definition it is sufficient to prove that the
inclusion of KJ into FJ is a weak n-homotopy equivalence.
Fix k < n and a map ϕ : Sk → FJ . Since Sk is compact imϕ intersects only finitely
many Um’s so there is M such that imϕ ∩ Um = ∅ for every m ≥ M . Therefore ϕ is
homotopic with a map into KM ∩ FMJ in F
M
J \
⋃
m>M Vm. But F
M
J \
⋃
m>M Vm ⊂ FJ
and KM ∩FMJ ⊂ K ∩FJ so the inclusion induces epimorphisms on homotopy groups
of dimensions less than n.
Fix a map ϕ : Sk → K ∩ FJ and assume that it has an extension Φ : Dk+1 → FJ .
By compactness and local finiteness of K there is M such that imϕ ⊂ KM and
imΦ ⊂ FJ\
⋃
m>M Um ⊂ F
M
J . ButKM is a core ofFM therefore ϕmust be contractible
in KM ∩ FMJ . But KM ∩ F
M
J ⊂ K ∩ FJ so the inclusion induces monomorphisms on
homotopy groups of dimensions less than n and we are done.
10.3 Proof of theorem 10.1
Let K be a locally finite simplicial complex embedded as a closed subset of an
Nn-space X and let L be a subcomplex of K. Let UL be an open neighborhood of
L. Let K = {Ki}i∈I be an interior cover of K by subcomplexes. Let F = {Fi}i∈I
be a star-finite interior Nn-cover of X such that 〈K,K〉 is an n-core of F. We fix a
triangulation τ of K such that for each simplex δ in τ there exist i and j in I such
that δ ⊂ IntX Fi (this is possible because F is an interior cover) and δ ⊂ IntKKj
(if a triangulation does not have this property, it suffices to take its first barycentric
subdivision, because K is an interior cover). Let τL be a subset of τ that contains
simplices of L.
For each l ∈ {0, 1, . . . , n + 1} and m ∈ {0, 1, . . . ,∞} we let Fl,m = {F
l,m
i }i∈I
denote a collection (not yet defined) of subsets of X . Let (1l,m), (2l,m), (3l,m) and
(4δ,il,m) denote the following statements, with 0 ≤ l ≤ n + 1, 0 ≤ m ≤ ∞, δ ∈ τ and
i ∈ I.
(1l,m) Fl,m is a closed star-finite interior Nn-cover of X.
(2l,m) 〈K,K〉 is an n-core of Fl,m.
(3l,m) For each δ ∈ τ there is i ∈ I such that δ ⊂ IntX F
l,m
i .
(4δ,il,m) δ ⊂ IntK Ki ⇒ δ ⊂ IntX F
l,m
i .
On a very general level, the proof is organized as follows. We let F0,0 = F and
construct Fl,m recursively. In (l, m)th step of the construction, with 0 ≤ l ≤ n + 1
and 0 ≤ m < ∞, we construct a collection Fl,m+1. If l < n + 1, then Fl,m+1 is
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a deformation of Fl,m with fixed n-core 〈K,K〉. If l = n + 1, then Fl,m+1 is an
adjustment of Fl,m. In lth limit step of the construction, with 0 ≤ l ≤ n + 1, we let
Fl,∞ = limm→∞Fl,m. We also let Fl+1,0 denote Fl,∞ for each 0 ≤ l < n + 1. The
collection Fn+1,∞ shall satisfy the assertion of the theorem.
A general constraint on the construction is that conditions (1l,m), (2l,m) and (3l,m)
are satisfied for all l and m. Observe that (10,0), (20,0) and (30,0) are satisfied by the
assumptions of the theorem (we did let F0,0 = F).
The first part of the proof includes the first n+1 limit steps (i.e. the construction
of F0,∞,F1,∞ up to Fn,∞). In lth limit step of the construction, with 0 ≤ l ≤ n,
we construct a cover Fl,∞ that satisfies (4
δ,i
l,∞) for each at most l-dimensional simplex
δ ∈ τ and each i ∈ I. A general constraint in the first part of the construction is
that in its (l, m)th step, with 0 ≤ l ≤ n and 0 ≤ m < ∞, the fourth condition is
preserved, i.e. the implication (4δ,il,m)⇒ (4
δ,i
l,m+1) is true for each at most l-dimensional
simplex δ of triangulation τ and each i ∈ I. The first part of the proof concludes
with a construction of Fn,∞ that satisfies (1n,∞), (2n,∞), (3n,∞) and, for each δ ∈ τ
and each i ∈ I, (4δ,in,∞) (no other property of Fn,∞ is important in the second part of
the proof).
The second part of the proof includes the last limit step. It starts with a cover
Fn+1,0 = Fn,∞ satisfying (1n+1,0), (2n+1,0), (3n+1,0) and (4
δ,i
n+1,0) for each δ ∈ τ and
i ∈ I. A cover {Vm}m≥0 of K, consisting of open subsets of X , is picked and in
(n + 1, m)th step of the construction an adjustment relX \ Vm of Fn+1,m is done in
such a way that Fn+1,m+1 is equal to K on Vm. Under some additional constraints,
the limit cover Fn+1,∞ = limm→∞Fn+1,m satisfies the assertion of the theorem.
First part.
In lth limit step, with 0 ≤ l ≤ n, we shall take Fl,∞ = limm→∞Fl,m and argue
that 〈K,K〉 is an n-core of Fl,∞. To this end we shall apply lemma 10.7. To be able
to do that we must construct an auxiliary n-core of F0,0 that is disjoint from K. We
start with its construction.
Let K ′ = K × {0, 1} ∪ K(n−1) × [0, 1] and let p : K ′ → K be a projection along
[0, 1]. By theorem 3.6, there exists an approximation p˜ : K ′ → X of p within F0,0
relK × {0} by a closed embedding. Let L = p˜(K × {1}) and M = p˜(K ′). Note that
K = p˜(K × {0}) ⊂ M . Let L = {Li}i∈I and M = {Mi}i∈I , where Mi = p˜(p−1(Ki))
and Li =Mi ∩ L. Note that 〈L,L〉 and 〈M,M〉 are n-cores of F0,0 and L is disjoint
from some open neighborhood of K. Also note that if Mi ⊂ F
l,k
i for some 0 ≤ l ≤ n
and 0 ≤ k ≤ ∞, and each i ∈ I, then 〈L,L〉 is an n-core of Fl,k if and only if 〈K,K〉
is an n-core of Fl,k.
Let δ0, δ1, . . . be a sequence of all 0-dimensional simplices of τL. Let Jk = {i ∈
I : δk ⊂ IntX F
0,0
i }. Fix an open neighborhood Uk of δk in X whose closure lies in
the interior of F 0,0Jk and meets only those simplices of K that contain δk. Without
a loss of generality we may assume that {Uk} is a discrete family and each Uk is
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disjoint from L. Let hk : Uk → Uk be an approximation of idUk within F0,0 by a
closed embedding with image disjoint from δk. We assume that the approximation is
such that hk∪ idX\Uk is a closed embedding (see lemma 4.1). We let Vk = Uk \hk(Uk).
Note that the choice of sets Vk will be important only when passing to the limit and
for now the reader may think that Vk = Uk.
We are going to construct a sequence F0,1,F0,2, . . . in such a way that the following
conditions will be satisifed for each k > 0.
(5k) F0,k is a deformation of F0,k−1 relX \ Vm, for m such that 2m < k ≤ 2m+ 2,
(6k) Mi is a subset of F
0,k
i for each i ∈ I.
(72k) the condition (4
δk−1,i
0,2k ) is satisfied,
Also, as we stated in the introductory part of the proof, for each m conditions (10,m),
(20,m) and (30,m) will be satisfied and the fourth condition will be preserved in each
step of the construction.
Assume that we already constructed F0,1,F0,2, . . . ,F0,2k. Let Fi = F
0,2k
i ∩ Vk and
J ′k = {i ∈ I \ Jk : F
0,2k
i ∩ Vk 6= ∅}. By star-finiteness of F0,2k, the set J
′
k is finite.
By lemma 9.1, there exists an adjustement of a collection {Fi}i∈J ′
k
to a Z-collection
{F ′i}i∈J ′k that is equal to {Mi}i∈J ′k on M ∩ Vk. Let
F 0,2k+1i =
{
F ′i ∪ (F
0,2k
i \ Vk) i ∈ J
′
k
F 0,2ki i ∈ I \ J
′
k.
By lemma 4.1, if the adjustement was small enough (which we assume), then the
collection F0,2k+1 is an adjustment of F0,2k relX \ Vk. Therefore F0,2k+1 is a closed
star-finite Nn-collection. It is an interior cover because the adjustment was done with
fixed Jk relX \ Vk and the closure of Vk lies in the interior of F
0,2k
Jk
by the definition
of Uk. By remark 10.6, if the adjustement was small enough (which we assume), then
the condition (20,2k+1) holds. Condition (30,2k+1) is satisfied and the fourth condition
is preserved by the construction, because the closure of Vk is disjoint from every
simplex not containing δk and if δl ⊃ δk, then Jl ⊂ Jk and the adjustement is done
with fixed Jk. The condition (52k+1) is satisfied because F0,2k+1 is an adjustement
relX \ Vk of F0,2k and 〈K,K〉 is its n-core by (20,2k+1). The condition 62k+1 follows
from the construction of {F ′i}i∈J ′k . Note that there is no condition (72k+1) to check.
By lemma 9.4, there is a closed (in X) Nn-neighborhood Ak of δk that lies in Vk
and such that for each J ′′k ⊂ J
′
k (hence for each J
′′
k ⊂ I) the intersection Ak ∩ F
0,2k+1
J ′′
k
is an (AE(n) ∩Nn)-space. Let
F 0,2k+2i =
{
F 0,2k+1i ∪ Ak i ∈ J
′
k
F 0,2k+1i i ∈ I \ J
′
k.
The collection F0,2k+2 is Nn-collection by corollary 3.8, hence (10,2k+2) is satisfied. By
lemma 2.24, the pair 〈K,K〉 is its n-core (we assume that Ak is so small that F0,2k+2
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is isomorphic to F0,2k+1). Hence (20,2k+2) is satisfied. Conditions (32k+2) and (62k+2)
are satisfied and the fourth condition is preserved, because F 2k+1i ⊂ F
2k+2
i for each
i ∈ I. The condition (52k+2) is satisfied by (20,2k+2) and because Ak is a subset of Vk.
By the choice of Ak, (4
δk,i
0,2k+2) is satisfied for each i ∈ I, hence (72k+2) is satisfied.
Let F0,∞ = limk→∞F0,k. We are going to show that (10,∞), (20,∞), (30,∞) and,
for each 0-dimensional simplex δ ∈ τ and each i ∈ I, (4δ,i0,∞) are satisfied. Since the
sequence F0,0,F0,1, . . . stabilizes locally and (10,k), (30,k) and (72k) hold for each k,
only verification of (20,∞) needs an argument. What we have to show is that 〈K,K〉
is an n-core of F0,∞. Let Hk : X → X be a closed embedding defined as the identity
on X \
⋃
l≥k Ul and by the formula Hk(x) = hl(x) for each x ∈ Ul with l ≥ k. Let
Gk = {G
k
i }i∈I and let G
k
i = Hk(F
0,2k
i ). Observe that Gk is a closed interior Nn-cover
of X \
⋃
l≥k Vl and 〈L,L〉 is its n-core. Also, Gk is equal to Gk−1 on X \ Uk and Gk−1
is a shrinking of Gk on Uk \Vk. By lemma 10.7, 〈L,L〉 is an n-core of limk→∞ Gk. But
limk→∞ Gk = limk→∞F0,k, so 〈L,L〉, and also 〈K,K〉, is an n-core of F0,∞.
Now we are going to describe a similar construction for simplices of dimension
l > 0. It presents additional difficulty because simplices of positive dimensions have
non-empty boundaries.
Let 0 < l ≤ n and assume that we already constructed Fl,0 and (1l,0), (2l,0), (3l,0)
and (4δ,il,0) are satisfied for each at most (l − 1)-dimensional simplex δ ∈ τ and each
i ∈ I. Let δ0, δ1, . . . be a sequence of all l-dimensional simplices in τL. For each k let
δ′k be a shrinking of δk, by a homothety with a ratio close to 1 and with a center equal
to the barycenter of δk, such that the following conditions are satisfied with m = 0.
(8) {δ′k} is a discrete collection in X ,
(9m) if δk ⊂ IntK Ki, then ClX(δk \ δ′k) ⊂ IntX F
l,m
i .
The last condition can be satisfied because by the assumption every proper face δ of
δk satisfies (4
δ,i
l,0) for each i ∈ I.
Let Jk = {i ∈ I : δk ⊂ IntX F
l,0
i }. For each k fix an open neighborhood Uk of
δ′k whose closure lies in the interior of F
l,0
Jk
and is disjoint from every simplex of τ
that is disjoint from δ′k. Without a loss of generality we may assume that {Uk}
is a discrete family in X and each Uk is disjoint from L. Define Vk in the same
manner as in the 0-dimensional case. Let J ′k = {i ∈ I \ Jk : F
l,0
i ∩ Vk 6= ∅}. Let
Ĵk = {i ∈ J ′k : δk ⊂ IntK Ki}. Let m0 = 0 and mk+1 = mk + 4|Ĵk|, where |Ĵk| denotes
the number of elements of Ĵk (the set Jk is finite because Fl,0 is locally finite). For
each k order Ĵk into a sequence j
0
k , j
1
k , . . . , j
| bJk|−1
k .
We are going to construct a sequence Fl,1,Fl,2, . . . in such a way that the following
conditions will be satisfied for each k > 0.
(10k) Fl,k is a deformation of Fl,k−1 relX \ Vm, for m such that mm < k ≤ mm+1,
(11k) Mi is a subset of F
l,k
i for each i ∈ I,
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(12k,m) the condition (4
δk,j
m
k
l,mk+4m+4
) is satisfied, where 0 ≤ m < |Ĵk|.
Also, for each m, conditions (1l,m), (2l,m), (3l,m) and (9m) will be satisfied and the
fourth condition will be preserved in each step of the construction.
Fix 0 ≤ k <∞ and 0 ≤ mˆ < |Ĵk| and let m = mk +4mˆ. Assume that we already
constructed Fl,m. Let j denote jmˆk . We shall construct covers F0,m+1, . . . ,F0,m+4. Our
goal is to meet condition (12k,mˆ) and verify that other conditions specified above are
satisfied. Let δˆk be a shrinking of δ
′
k by a homothety with a ratio less than 1 and a
center equal to the barycenter of δ′k, such that (9m) is satisfied with δˆk substituted for
δ′k. Let Jˆ = {i ∈ J
′
k : i 6= j
q
k, q ≤ mˆ} and let Vˆk be an open neighborhood of δˆk, whose
closure lies in the intersection of (Vk \ δk) ∪ (δ′k \ ∂δ
′
k) with IntX F
l,m
Jk∪{j
q
k : q<mˆ}
. Let m′
be an integer greater than or equal to m and less than m + 4. We shall construct
Fl,m′+1 as a collection equal to Fl,m′ on relX \ Vˆk and such that F
l,m′+1
i = F
l,m′
i for
each i ∈ Jk ∪ {j
q
k : q < mˆ}. This way, the condition (9m′+1) will be satisfied and the
condition (10m′+1) will follow from (2l,m′+1).
Let P = Vˆk ∩ IntX F
l,m
j . Consider a collection {Fi}i∈Jˆ , where Fi = F
l,m
i ∩ P . By
lemma 9.1, it can be adjusted to a Z-collection {F ′i}i∈Jˆ that is equal to {Mi}i∈Jˆ on
M ∩ P . Let
F l,m+1i =
{
F ′i ∪ (F
l,m
i \ P ) i ∈ Jˆ
F l,mi i ∈ I \ Jˆ .
As before, if we assume that the adjustement is small enough, then conditions (1l,m+1),
(2l,m+1), (3l,m+1) and (11m+1) are satisfied and the fourth condition is preserved. By
our earlier remark, (9m+1) and (10m+1) are satisfied as well.
Let V ′k be an open subset of Vˆk such that ClX V
′
k∩ClX(δk\ δˆk) = ∅ and V
′
k∪P = Vˆk.
Consider a collection {Fi}i∈Jˆ∪{j} such that Fi = F
l,m+1 ∩ V ′k . By lemma 9.1, it can
be adjusted to a Z-collection {F ′i}i∈Jˆ∪{j} that is equal to {Mi}i∈Jˆ∪{j} on M ∩V
′
k . Let
F l,m+2i =
{
F ′i ∪ (F
l,m+1
i \ V
′
k) i ∈ Jˆ ∪ {j}
F l,m+1i i ∈ I \ Jˆ , i 6= j.
Again, if the adjustement is small enough, then the collection Fl,m+2 satisfies all
prescribed conditions. We claim that the following conditions are satisfied as well.
(13) {F l,m+2i ∩ Vˆk}i∈Jˆ is an Nn-collection and a Z-collection in Vˆk,
(14) {F l,m+2i ∩ Vˆk ∩ F
l,m+2
j }i∈Jˆ is an Nn-collection and a Z-collection in Vˆk ∩F
l,m+2
j ,
(15) ClX(δk \ δˆk) ⊂ IntX F
l,m+2
j .
By the construction, {F l,m+2i }i∈Jˆ is equal to M on Vˆk ∩M , so δˆk fits {F
l,m+2
i }i∈Jˆ
and by (13) {F l,m+2i ∩ Vˆk}i∈Jˆ is a Z- and Nn-collection in Vˆk. Hence, by lemma 9.4,
there is a closed (in X) Nn-subset Ak of Vˆk that fits {F
l,n+2
i ∩ Vˆk}i∈Jˆ and such that
δˆk ⊂ IntX Ak and {F
l,m+2
i }i∈Jˆ restricted to Ak is both a Z- and an Nn-collection.
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Observe that by the choice of Vˆk and Jˆ , Ak fits {F
l,m+2
i ∩ Vˆk}i∈I,i 6=j. By lemma 9.2,
we may adjust Ak to a closed (in X) Nn-subset A′k of Vˆk such that A
′
k ∩ δk = δˆk,
δˆk \∂δˆk ⊂ IntX A′k and {F
l,m+2
i }i∈Jˆ restricted to A
′
k is both a Z- and an Nn-collection.
Let Wk = (F
l,m+2
j ∩ IntX A
′
k) ∪ (A
′
k ∩ IntX F
l,m+2
j ). It is an open neighborhood of δˆk
in A′k ∩ F
l,m+2
j and it is an Nn-space. By (14) and by lemma 9.4, there is a closed
Nn-subset Bk of Wk that fits {F
l,m+2
i ∩ Wk}i∈I and such that δˆk ⊂ IntWk Bk. If it
is small enough, then it is closed in X . Let W ′k be an open subset of Vk such that
W ′k ∩ (A
′
k ∩ F
l,m+2
j ) = (A
′
k ∩ F
l,m+2
j ) \ Bk and ClXW
′
k ∩ δk = ∅. By lemma 9.2, we
may adjust A′k and F
l,m+2
j relX \W
′
k to obtain sets A
′′
k and F˜
l,m+2
j such that Fl,m+3
defined in the following way
F l,m+3i =
{
F˜ l,m+2j i = j
F l,m+2i i ∈ I and i 6= j.
is an adjustment of Fl,m+2. Observe that A′′k fits Fl,m+3, because its intersection with
F˜ l,m+2j is equal to Bk. Observe that δˆk \ ∂δˆk ⊂ IntX A
′′
k and the restriction of Fl,m+3
to A′′k is an Nn-cover. By the construction, ClX δk \ δˆk ⊂ IntA
′′
k.
Let
F l,m+4i =
{
F l,m+3i ∪ A
′′
k i ∈ J
′
k
F l,m+3i i ∈ I \ J
′
k.
Since δk ⊂ IntX F
l,m+4
j ∪ IntX A
′′
k, (12k,mˆ) is satisfied. Verification of other condi-
tions is similar to the verification done in the previous steps.
The limit argument is similar to the 0-dimensional case. Let Fl,∞ = limk→∞Fl,k.
We are going to show that (1l,∞), (2l,∞), (3l,∞) and, for each at most l-dimensional
simplex δ ∈ τ and each i ∈ I, (4δ,il,∞) are satisfied. Since the sequence Fl,0,Fl,1, . . .
stabilizes locally and (1l,k), (2l,k) and (12k,m) are satsified for all k and m, all we have
to show is that 〈K,K〉 is an n-core of Fl,∞. Let Hk : X → X be a closed embedding
defined as the identity on X \
⋃
l≥k Ul and by the formula Hk(x) = hm(x) for each
x ∈ Um with m ≥ k. Let Gk = {Gki }i∈I and let G
k
i = Hk(F
l,mk+1
i ). Observe that Gk is
a closed interior Nn-cover of X \
⋃
m≥k Vm and 〈L,L〉 is its n-core. Also, Gk is equal
to Gk−1 on X \Uk and Gk−1 is a shrinking of Gk on Uk \ Vk. By lemma 10.7, 〈L,L〉 is
an n-core of limk→∞ Gk. But limk→∞ Gk = limk→∞Fl,k, so 〈L,L〉, and also 〈K,K〉, is
an n-core of Fl,∞.
Second part.
In the first part we constructed a closed interior Nn-cover Fn,∞ of X that satisfies
conditions (1n,∞), (2n,∞), (3n,∞) and (4
δ,i
n,∞) for each δ ∈ τ and i ∈ I. By the
construction, Fn,∞ is equal to F0,0 on the complement of an open neighborhood UL of
L. Let U be an open cover of X satisfying conditions of remark 10.6. If Fn+1,∞ is a U-
adjustment relX\UL of Fn,∞ to a closed interior Nn-cover such that Ki = K∩F
n+1,∞
i
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for each i ∈ I, then, by the choice of U, 〈K,K〉 is an exact n-core of Fn+1,∞. We shall
construct such Fn+1,∞, finishing the proof.
Order τL into a sequence {δk}k≥1 non decreasing in the order by inclusion. Let
Jk = {i ∈ I : δk ⊂ IntK Ki}. By the choice of τ made at the beginning of the proof, Jk
is non-empty for each k ≥ 1. Since Fn,∞ satisfies (4δk,in,∞) for each k ≥ 1 and each i ∈ I,
the inclusion δk ⊂ IntX F
n,∞
Jk
holds for each k (this is the crucial property obtained in
the first part of the proof). Therefore there exists a locally finite collection {Vk}k≥1 of
open subsets of UL such that L ⊂
⋃
k≥1 Vk and the following conditions are satisfied
for each k.
(16) K ∩ Vk ⊂ KJk ,
(17) if ClX Vl intersects ClX Vk, then either δl is a face of δk or δk is a face of δl,
(18) ClX Vk ⊂ IntX F
n,∞
Jk
.
Let Fn+1,0 = Fn,∞. Let Uk be a sequence of open covers of X obtained via
lemma 4.3 applied to a locally finite collection {Vk}k≥1 and an open cover U. We
recursively define a sequence Fn+1,k of closed interior Nn-covers of X such that the
following conditions are satisfied for each k ≥ 1.
(19) Fn+1,k is a Uk-adjustment of Fn+1,k−1 relX \ Vk with fixed Jk,
(20) Fn+1,k is equal to K on K ∩
⋃
l≤k Vl.
Fix k ≥ 1 and assume that we already constructed Fn+1,k−1. First, we claim
that the inclusion ClX Vk ⊂ IntX F
n+1,l
Jk
holds for each 0 ≤ l ≤ k − 1. The proof
is by induction on l. The basis step of induction (l = 0) follows directly from (18)
and the identity Fn+1,0 = Fn,∞. Fix l > 0 and assume that we already proved that
ClX Vk ⊂ IntX F
n+1,l−1
Jk
. By (19), Fn+1,l is an adjustment of Fn,l−1 relX \ Vl, hence if
Vl is disjoint from ClXVk, then ClX Vk ∩ IntX F
n+1,l−1
Jk
= ClX Vk ∩ IntX F
n+1,l
Jk
, hence
ClX Vk ⊂ IntX F
n+1,l
Jk
. If ClX Vl intersects Vk, then by (17) and by the assumption that
the sequence {δk} is non-decreasing in the order by inclusion, δl is a face of δk. In this
case, Jk is a subset of Jl by the definition. By (19), Fn+1,l is an adjustment of Fn,l with
fixed Jl, hence IntX F
n+1,l
Jk
= IntX F
n+1,l−1
Jk
and the inclusion ClX Vk ⊂ IntX F
n+1,l
Jk
follows from the inductive assumption. The inductive step is done. In particular, we
have proven that ClX Vk ⊂ IntX F
n+1,k−1
Jk
.
By lemma 9.1, there exists an adjustment of a collection {F n+1,k−1i ∩ Vk}i∈I\Jk of
subsets of Vk to a Z-collection that is equal to {Ki∩Vk}i∈I\Jk onK∩Vk. By lemma 4.1,
we may require (and we do) that the adjustment is so small, that it extends to an
adjustment relX \ Vk of {F
n+1,k−1
i }i∈I\Jk to a closed Nn-collection of subsets of X .
We let Fn+1,k be a union of this collection with the collection {F n+1,k−1}i∈Jk . Observe
that Fn+1,k is a Uk-adjustment of Fn+1,k−1 relX \ Vk with fixed Jk directly from the
construction. It is a closed interior Nn-cover of X because ClX Vk ⊂ IntX F
n+1,k
Jk
.
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Hence (19) is satisfied. To see that Fn+1,k satisfies condition (20) recall that by (16),
K ∩ Vk ⊂ KJk , hence F
n+1,k
i ∩K ∩ Vk = Ki ∩ Vk for each i ∈ Jk. If i ∈ I \ Jk, then
F n+1,ki ∩K ∩ Vk = Ki ∩ Vk directly from the construction.
Let Fn+1,∞ = limk→∞Fn+1,k. By the choice of Uk’s, it is a U-adjustment of Fn+1,0.
Since the collection {Vk} is locally finite, Fn+1,∞ is a closed interior Nn-cover. By
the choice of U, 〈K,K〉 is an n-core of Fn+1,∞. By (20), by the assumption that
L ⊂
⋃
k≥1 Vk and by the assumption that Fn+1,0 is equal to K on K \L, 〈K,K〉 is an
exact n-core of Fn+1,∞. The cover Fn+1,∞ is equal to F0,0 on the complement of UL
directly from the construction. We are done.
10.4 Retraction onto a core and a proof of theo-
rem 6.17
We shall now obtain theorem 6.17 as an easy corollary of the results obtained
earlier in this chapter.
Lemma 10.9. If K is an exact n-core of a closed star-finite locally finite ANE(n)-
cover F of an at most n-dimensional space X, then there exists a retraction of X
onto K that is F-close to the identity.
Proof. Let F = {Fi}i∈I and for each non-empty J ⊂ I let FJ denote, as usual, the
intersection
⋂
i∈J Fi. Let J1, J2 be subsets of I. Assume that FJ2 is non-empty. We
will show that the inclusion of FJ2 ∩ (K ∪
⋃
i∈J1
Fi) into FJ2 is a weak n-homotopy
equivalence. Without a loss of generality, we may assume that J1 is disjoint from
J2 and that all elements indexed by J1 intersect FJ2 . By the definition of an exact
n-core, for each i ∈ I the intersection of Fi with K is a subcomplex of K. By the
assumption that F is an ANE(n)-cover, for each non-empty J ⊂ I the intersection
FJ is an ANE(n)-space. By the assumption, F is closed and locally finite, hence
theorem 2.7 implies that FJ2 ∩ (K ∪
⋃
i∈J1
Fi) is an ANE(n)-space for each J1 and J2.
Fix J2 such that FJ2 is non-empty and assume that the assertion is already proven
for all J ⊂ I such that J2 ( J and FJ 6= ∅ (there are only finitely many of such
J ’s as F is star-finite). Let J1 be a subset of I that is disjoint from J2 and is such
that elements indexed by J1 intersect FJ2 . Again, there are only finitely many of
those. We shall prove the assertion by an induction over the cardinality of J1. By
the assumption that K is an exact n-core of F, the inclusion of K ∩ FJ2 into FJ2
is an n-homotopy equivalence. By Whitehead’s characterization, this inclusion is
a weak n-homotopy equivalence. Hence the assertion is verified for J1 = ∅. Let
J1 6= ∅. Fix j ∈ J1. We assumed that J1 is disjoint from J2, so j 6∈ J2. Let
A1 = FJ2 ∩ (K ∪
⋃
i∈J1,i 6=j
Fi) and A2 = FJ2 ∩ Fj . As we argued earlier, both A1
and A2 are ANE(n)-spaces. By the assumption, X is at most n-dimensional, and
so are A1 and A2. By the inductive assumptions, the inclusions A1 ∩ A2 ⊂ A2 and
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A1 ⊂ FJ2 are weak n-homotopy equivalences. Hence by corollary 2.25, the inclusion
A1∪A2 ⊂ FJ2 is a weak n-homotopy equivalence. This is the assertion that we wanted
to prove.
By theorem 2.23, for each J ⊂ I such that FJ is non-empty there exists a retraction
rJ : FJ → FJ ∩ (K ∪
⋃
i∈I\J Fi). Let I = {J ⊂ I : FJ 6= ∅}. Order I into a sequence
{Jk}k≥1 non decreasing in the order by inclusion. Such ordering exists because F is
point finite. Let r0 be the identity onX . Let rk :
⋃
i∈I\Jk
Fi∪K∪FJk →
⋃
i∈I\Jk
Fi∪K
be a map defined by the following equation.
rk =
{
rJk(x) x ∈ FJ
x x ∈ K ∪
⋃
i∈I\Jk
Fi.
Obviously each rk is a contiuous retraction and rk(Fi) ⊂ Fi for each i ∈ I. By the
order of Jk’s for each x in X the sequence of compositions r1, r2◦r1, . . . is well defined.
By star-finiteness of F it stabilizes for each x after finitely many steps. Hence the
limit
r(x) = lim
k→∞
rk ◦ · · · ◦ r2 ◦ r1(x).
is well defined for each x in X . It is a retraction that we were looking for.
Proof of theorem 6.17. Let U be an open cover of an Nn-space X . By [18, theorem
5.3.10] and the fact that every separable metric space is strongly paracompact, there
exists a closed star-finite locally finite cover of X that refines U. By theorem 4.5, it
has a closed star-finite swelling to an interior Nn-cover F refining U. By theorem 10.5,
F has an n-core 〈K,K〉. By theorem 10.1, F can be deformed to a closed star-finite
interior Nn-cover G, which refines U and has an exact n-core K. By lemma 10.9,
there is a retraction r : X → K that is G-close to the identity. It satisfies assertion of
the theorem because G refines U.
Chapter 11
Proof of theorem 6.7
The entire chapter is devoted to the proof of theorem 6.7. Let us recall the
statement.
Theorem 6.7. There exists a constant N such that if a k-regular n-semiregular
(k < n) closed countable star-finite interior Nn-cover F is n-contractible in a closed
cover E, then there exists a (k+1)-regular n-semiregular interior Nn-cover isomorphic
to F and refining stN E. Moreover, we may additionally require that the constructed
cover is equal to F on some open neighborhood of a given Z(F)-set Z.
We shall prove that the assertion is true with N = 472, but the actual value is of
no importance and no effort was made to minimize it.
11.1 Patching of small holes
We fix n and k < n. Let F = {Fi}i∈I be a cover of a space X . We say that a
map ϕ from a k-dimensional sphere Sk into X is a k-hole in F if the image of ϕ lies
in FJ =
⋂
i∈J Fi for some non-empty subset J of I. When we will want to specify
J , we will say that ϕ is a k-hole in FJ . If ϕ is a k-hole in FJ and is null-homotopic
in FJ , then we say that it is a trivial k-hole. Observe that if F is k-regular and all
k-holes in F are trivial, then it is (k + 1)-regular. We shall describe a construction
that enables us to patch holes. That is, to make them trivial in a newly constructed
cover. We begin with a special case. If ϕ is a k-hole in FJ and ϕ is contractible in Fj
for some j ∈ J , then we say that ϕ is a small k-hole. We describe a construction of
patching of a small k-hole.
Definition 11.1. Let 〈K,K〉 be a pair consisting of a locally finite countable simpli-
cial complex K and a cover K = {Ki}i∈I of K by subcomplexes. Let k < n and let
B be a (k+1)-dimensional ball that is embedded as a subcomplex of K. We will say
that a pair 〈L,L〉 is obtained from 〈K,K〉 by patching of B, if the following conditions
are satisfied.
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(1) (a) L is a locally finite countable simplicial complex and K is a subcomplex
of L,
(b) L = {Li}i∈I is a cover of L by subcomplexes and L is equal to K on K.
(2) There exists a complex
C =
{
B × [0, 1], if k < n− 1
B × {0, 1} ∪ ∂B × [0, 1], if k = n− 1
such that L = K ∪ C and the intersection of K with C is equal to B (in K)
and to B × {0} (in C). We identify B with B × {0}.
(3) Recall that K = {Ki}i∈I and L = {Li}i∈I . For each i ∈ I, Li is the smallest
subset of L for which the following conditions are satisfied.
(a) if B ⊂ Ki, then C ⊂ Li.
(b) if ∂B ⊂ Ki, then ∂B × [0, 1] ∪ B × {1} ⊂ Li.
(c)
if k < n− 1, then (B ∩Ki)× [0, 1/2] ⊂ Li
if k = n− 1, then (∂B ∩Ki)× [0, 1/2] ⊂ Li
.
Note that these conditions uniquely determine Li’s.
(a)
K
K3
K1 = B
K2
K
(b)
L2
L3
C
Figure 11.1: A picture discussed in example 11.2
Example 11.2. LetK be a square shown on figure 11.1(a) and let B be the white disc
embedded as a subcomplex of K. We let K1 = B, K2 to be the dark disc and K3 to
be the complement of the interior of K1. Let K = {K1, K2, K3}. Figure 11.1(b) shows
a pair 〈L,L〉 obtained from 〈K,K〉 by patching of B. The cylinder C = B × [0, 1] is
attached to K along its lower base (in the example we assume that k < n−1) to form
L = K ∪C. The set L1 is equal to C. The set L2 is an union of K2 with a cylinder of
height 1/2 and base K1∩K2. The set L3 is an union of K3 with ∂B× [0, 1]∪B×{1}.
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The cover K of K is 1-regular, but not 2-regular as both K3 and K1 ∩K3 are not
simply connected. Observe that ∂B ⊂ K1 ∩K3 is a small hole in K1 ∩ K3, as it is
null-homotopic in K1. Observe that ∂B ⊂ L1 ∩L3 is null-homotopic in L1 ∩L3. The
small hole ∂B ⊂ K1 ∩K3 in K is “patched” in L and the cover L is 2-regular.
Remark 11.3. Assume the notation of definition 11.1. By (1b), L is a cover of L
and by (3), L covers L if and only if B ⊂ Ki for some i ∈ I. It follows from (3c) that
if K is an interior cover, then L is an interior cover as well. This is the only reason
for which (3c) is required. By the conditions enforced on L, L is always isomorphic
to K.
Definition 11.4. Let F = {Fi}i∈I be a closed star-finite interior Nn-cover of a space
X . LetK be an exact n-core of F. Let B be a subcomplex ofK that is homeomorphic
to a (k + 1)-dimensional ball and such that B ⊂ Fi for some i ∈ I. Let U be an
open neighborhood of B in X . We say that a closed star-finite interior Nn-cover
G = {Gi}i∈I of X is obtained from F by patching of B in U , if the conditions (0)-(3)
stated below are satisfied.
(0) (a) G is isomorphic to F and is equal to F on K ∪ (X \ U),
(b) there exists an exact n-core L of G such that L \K ⊂ U .
Recall that F/K = {Fi ∩ K}i∈I and G/L = {Gi ∩ L}i∈I (definition 2.1). We
require that the pair 〈L,G/L〉 is obtained from 〈K,F/K〉 by patching of B, i.e. that
(1) (a) L is a locally finite countable simplicial complex and K is a subcomplex
of L,
(b) G/L is a cover of L by subcomplexes and F is equal to G on K.
(2) There exists a complex
C =
{
B × [0, 1], if k < n− 1
B × {0, 1} ∪ ∂B × [0, 1], if k = n− 1
such that L = K ∪ C and the intersection of K with C is equal to B (in K)
and to B × {0} (in C). We identify B and B × {0}.
(3) For each i ∈ I, Gi ∩ L is the smallest subset of L for which the following
conditions are satisfied.
(a) if B ⊂ Fi, then C ⊂ Gi.
(b) if ∂B ⊂ Fi, then ∂B × [0, 1] ∪ B × {1} ⊂ Gi.
(c)
if k < n− 1, then (B ∩ Fi)× [0, 1/2] ⊂ Gi
if k = n− 1, then (∂B ∩ Fi)× [0, 1/2] ⊂ Gi
.
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Note that these conditions uniquely determine L ∩Gi’s.
Remark 11.5. Assume the notation of definition 11.4. Let J ⊂ I and assume that
B ⊂ Fi for some i ∈ J . If ∂B ⊂ FJ is a small k-hole in FJ , then ∂B ⊂ GJ is a trivial
k-hole in GJ . There are no ”new” non-trivial k-holes in G (cf. example 11.2; 〈L,G/L〉
is an exact n-core of G).
Lemma 11.6. If F is a closed star-finite interior Nn-cover of a space X, K is an
exact n-core of F, B is a (k+1)-dimensional ball embedded as a subcomplex of K, B
is contained in some element of F and U is a neighborhood of B, then there exists a
closed star-finite interior Nn-cover G of X that is obtained from F by patching of B
in U .
Proof. Let F = {Fi}i∈I . The construction of G proceeds in two stages.
Cleaning up. In the first stage we construct a closed star-finite interior Nn-cover H =
{Hi}i∈I of X and its exact n-core M that satisfy conditions of definition 11.4 (with
Hi substituted for Gi and M substituted for L), with the exception that condition
(3b) is replaced by condition
(3b’) if ∂B ⊂ Fi, then ∂B × [0, 1] ⊂ Hi.
Let
C0 =
{
B × [0, 1], if k < n− 1,
B × {0, 1} ∪ ∂B × [0, 1], if k = n− 1
.
Identify B × {0} with B and let p be the projection of C0 onto B along [0, 1].
Let ı be the inclusion of K into X . The map p ∪ ı is a well-defined map into X , and
its domain is an most n-dimensional countable simplicial complex. By theorem 3.6
and by remark 3.5, we can approximate p ∪ ı relK within F by a closed embedding
f . Take an approximation close enough, such that the image f(C0) lies in U and
let C = f(C0). Observe that C ∩K = B. Let K = {Ki}i∈I be a cover of K ∪ C by
subcomplexes, such that K is equal to F on K and such that for each i ∈ I, Ki is a
smallest subset of K for which the following conditions are satisfied.
(a) if B ⊂ Fi, then C ⊂ Ki.
(b’) if ∂B ⊂ Fi, then ∂B × [0, 1] ⊂ Ki.
(c)
if k < n− 1, then (B ∩ Fi)× [0, 1/2] ⊂ Ki
if k = n− 1, then (∂B ∩ Fi)× [0, 1/2] ⊂ Ki
.
Observe that K refines F because f was an approximation within F. By the assump-
tion K is an exact n-core of F, so 〈K ∪ C,K〉 is an n-core of F. By theorem 10.1
applied to 〈K ∪ C,K〉 and F there is a deformation of F relX \ U to an interior
Nn-cover H with an exact n-core 〈K ∪C,K〉. By theorem 10.1, we may require (and
we do), that if B × {1} is a subset of Ki, then it is a subset of IntX Hi. The cover H
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satisfies conditions of definition 11.4 (with Hi substituted for Gi and M substituted
for L), with the exception that condition (3b) is replaced by condition (3b’).
Patching. Let ∆ = B × {1} be the upper base of C. Let J = {i ∈ I : B ⊂ Fi} and
J∂ = {i ∈ I : ∂B ⊂ Fi}. By the construction, ∆ is a subset of the interior of HJ and
is disjoint from Hi for each i ∈ I \ J∂. Hence there exists an open neighborhood V of
∆ that is disjoint from
⋃
i∈I\J∂
Hi and whose closure lies in the intersection of U with
the interior of HJ . By theorem 2.35 and by lemma 4.1 there exists an approximation
relC of the inclusion V ∩
⋃
i∈J∂\J
Hi ⊂ V by a Z-embedding h into V such that
idX\V ∪ h is continuous. Let H
′ = {H ′i}i∈I , where
H ′i =
{
Hi if i ∈ J
(Hi \ V ) ∪ h(V ∩Hi) if i ∈ I \ J.
Observe that H′ satisfies conditions (0) - (3ab’c) with H ′i substituted for Gi and
V ∩
⋃
i∈I\J H
′
i is a Z-set in V .
By lemma 9.5 applied to ∆, a Z-set B˜ = H ′J∂ ∩ V and a space V , there exists
a closed Nn-subset A of V such that A ∩ H ′J∂ is an Nn-space, ∆ ⊂ A and the
inclusions ∂∆ ⊂ A ∩ B˜, ∆ ⊂ A are n-homotopy equivalences. We may assume that
A is so small that it is closed in X . By corollary 2.37, the inclusion A ∪ H ′J∂ ⊂ V
can be approximated rel∆ ∪ H ′J∂ by a closed embedding with image disjoint from
D = (
⋃
i∈I\J H
′
i∪C)\(∆∪H
′
J∂
). Let A′ denote the image of A under this embedding.
Let G = {Gi}i∈I , with Gi = H ′i for i ∈ I \ J∂ and Gi = H
′
i ∪A
′ for i ∈ J∂. By the
choice of V , A′ ⊂ H ′i for each i ∈ J and by the construction H
′
i∩A
′ = H ′J ∩A for each
i ∈ J∂ \J and the latter intersection is an Nn-space, so G is a closed interior Nn-cover
by corollary 3.8. By the choice of V condition (0a) is satisfied. Let L = K ∪C. Since
A′ ∩L = ∆, conditions (1) - (3abc) are satisfied. What is left is to show that L is an
exact n-core of G, i.e. that (0b) holds.
Consider a set J ′ ⊂ I. We have to show that L ∩ GJ ′ ⊂ GJ ′ is an n-homotopy
equivalence. If J ′ 6⊂ J∂, then GJ ′ = H ′J ′ and L ∩GJ ′ = L ∩H
′
J ′. By the construction
L is an exact n-core of H′, so we are done. If J ′ ⊂ J∂ then L ∩GJ ′ = (L ∩H ′J ′) ∪∆
and GJ ′ = H
′
J ′ ∪A
′. We shall show that inclusions (L∩H ′J ′)∪∆ ⊂ H
′
J ′∪∆ and H
′
J ′ ∪
∆ ⊂ H ′J ′ ∪ A
′ are n-homotopy equivalences. The latter inclusion is an n-homotopy
equivalence by remark 9.6. The former inclusion is an n-homotopy equivalence by
lemma 2.24 applied with A1 = (L ∩H ′J ′) ∪∆ and A2 = H
′
J ′. We are done.
11.2 ⊚-Contractibility
Throughout the section we fix a positive integer n and a nonnegative integer k < n.
We let Bk+1 ⊂ Rk+1 be the (k + 1)-dimensional unit ball.
Definition. For each positive integer l and each positive m ≤ l we let Aml denote the
annulus {x ∈ Bk+1 : m−1
l
≤ |x| ≤ m
l
}.
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Definition 11.7. Let F and G be covers of a space X . Let ϕ : Sk → X be a k-hole
in F. We say that ϕ is ⊚F-contractible in G (pronounced “o”-F-contractible), if it
extends to a map Φ from Bk+1 into an element of G such that for some positive
integer l the collection of annuli {Aml }1≤m≤l refines {Φ
−1(F )}F∈F. We shall call Φ an
⊚F-contraction of ϕ.
Remark 11.8. If Φ is an ⊚F-contraction of a map ϕ : S
k → X , then for some positive
integer l the collection {
⋃
j≤l,Φ(Aj
l
)⊂Fi
Ajl }i∈I is a cover of B
k+1 by subcomplexes. We
can always replace Φ by another ⊚F-contraction such that this collection (possibly
with different l) is an interior cover of Bk+1. The new ⊚F-contraction can be obtained
by a reparametrization of Φ. In particular, we may assume that its image is equal to
the image of Φ.
Remark 11.9. In definition 11.7, the sole role of a cover G is to limit the size of the
image of Φ. The role of F is more interesting and may be interpreted in terms of small
holes as follows. Let F be a cover of a space X and let ϕ be a k-hole in F. Assume
that ϕ is ⊚F-contractible and let Φ be a map satisfying conditions of definition 11.7
for a positive integer l. Let ϕm be a map from S
k into X defined by the formula
ϕm(x) = Φ(mx/l). The hole ϕ1 is small. The hole ϕ2 might not be small, but if we
patch ϕ1 (a precise meaning of it will be given in the proof of lemma 11.10), then it
would become small. Hence we may think that ϕ2 is a “small hole of second order”.
Pushing this argument further, we see that ϕl, which is equal to ϕ, is a “small hole
of lth order” and that it can be patched after recursively patching of ϕ1, ϕ2, . . . up to
ϕl−1.
Definition. We say that a cover F = {Fi}i∈I is ⊚k-contractible in a cover G if it
refines G and if for every non-empty subset J of I such that FJ =
⋂
i∈J Fi is non-empty,
the kth homotopy group pik(FJ) has a set of generators that are ⊚F-contractible in G,
for some choice of base-points of FJ ’s.
Lemma 11.10. If F is a k-regular (k < n) closed star-finite interior Nn-cover that is
⊚k-contractible in a closed cover G, then there exists a closed (k+ 1)-regular interior
Nn-cover isomorphic to F and refining stst3
F
G F. Moreover, given a Z(F)-set Z, we
may require that there exists a neighborhood of Z on which the constructed cover is
equal to F.
Proof. Let F = {Fi}i∈I be a k-regular (k < n) closed interior Nn-cover of a space X
that is ⊚k-contractible in a closed cover G. Let J = {J ⊂ I : J 6= ∅ and FJ 6= ∅}.
By proposition 2.5, for every J ∈ J the k-dimensional homotopy group pik(FJ) is
countable. Therefore for every J ∈ J there exists a collection of maps {ψJm : S
k →
FJ}m∈N that generates pik(FJ). By the assumption that F is ⊚k-contractible, we may
additionaly require that ψJm’s are ⊚F-contractible in G, i.e. that for every J ∈ J and
every m ∈ N there exists an element GJm of G and a ⊚F-contraction Ψ
J
m : B
k+1 → GJm
of ψJm. By remark 11.8, we may assume that the following condition is satisfied.
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(1) There exists an integer lJm such that the collection {
⋃
{Aj
lJm
: 1 ≤ j ≤
lJm,Ψ
J
m(A
j
lJm
) ⊂ Fi}}i∈I is an interior cover of Bk+1.
By the assumptions, F is a countable star-finite interior cover, so it is locally finite.
Hence every element of J is a finite subset of I. In particular, J is countable. We
endow J with the discrete topology. Let Ψ: Bk+1×J ×N→ X be a map defined by
the formula Ψ(x, J,m) = ΨJm(x), i.e. let Ψ be a disjoint union of Ψ
J
m’s. The domain
of Ψ is a k-dimensional locally finite countable simplicial complex. Let U be an open
cover of X obtained via lemma 10.4 applied to F. By theorem 3.6, there exists a
U-approximation of Ψ within F by a closed embedding Φ with image disjoint from Z.
Let ΦJm : B
k+1 → X be a map defined by the formula ΦJm(x) = Φ(x, J,m), i.e. an
approximation of ΨJm obtained as a restriction of Φ to an appropriate subset of its
domain. Observe that ΦJm’s satisfy the following conditions.
(2) ϕJm = Φ
J
m|Sk maps S
k into FJ and {ϕJm}m∈N generates pik(FJ).
(3) There exists an integer lJm such that the collection {
⋃
{Aj
lJm
: 1 ≤ j ≤
lJm, Φ
J
m(A
j
lJm
) ⊂ Fi}}i∈I is an interior cover of Bk+1.
(4) Each ΦJm is an embedding, the collection {imΦ
J
m}J∈J ,m∈N is a discrete collection
in X and imΦJm ⊂ stF G
J
m.
Condition (2) is satisfied because ϕJm is a U-approximation within F of ψ
J
m; by
the choice of U, every two U-close maps into FJ are homotopic and by the choice of
ψJm’s, pik(FJ) is generated by {ψ
J
m}m∈N. Condition (3) is satisfied because ϕ
J
m is an
approximation within F of ψJm, so the collection defined in (1) refines the collection
defined in (3). Condition (4) is satisfied because Φ is a closed embedding into X and
is F-close to Ψ.
Let L =
⋃
J∈J ,m∈N imΦ
J
m. It is a locally finite simplicial complex embedded as a
closed subset of X . By the construction it is disjoint from Z. For each i ∈ I, let
Li =
⋃
{ΦJm(A
j
lJm
) : J ∈ J , m ∈ N, 1 ≤ j ≤ lJm, Φ
J
m(A
j
lJm
) ⊂ Fi}.
By (3), L = {Li}i∈I is an interior cover of L by subcomplexes. By theorem 10.5,
we may enlarge the pair 〈L,L〉 to an n-core 〈K0,K0〉 of F, with K0 = {K0i }i∈I and
K0 disjoint from Z. For each J ∈ J and m ∈ N fix a triangulation of a copy
of Bk+1 such that Aj
lJm
is a subcomplex of Bk+1 for each 1 ≤ j ≤ lJm. To avoid
undue proliferation of notation, each copy is denoted by the same symbol Bk+1.
Let pJm : C(B
k+1) → Bk+1 be a projection along [0, 1]. By theorem 3.6, we may
approximate each Φ˜Jm within F relB
k+1×{0} by a closed embedding Φ̂Jm with image
disjoint from Z. We may require that images of Φ̂Jm’s form a discrete collection in
X (by simultaneously approximating the disjoint union of ΦJm’s, like we did when
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approximating ΨJm’s). Since the approximation is within F, im Φ̂
J
m ⊂ stF G
J
m and
Φ̂Jm(Φ
J
m
−1
(K0i )) ⊂ Fi for each i ∈ I.
Let K = K0 ∪
⋃
J∈J ,m∈N im Φ̂
J
m and K = {Ki}i∈I , with Ki = K
0
i ∪⋃
Φ̂Jm(Φ
J
m
−1
(K0i )). By the construction, 〈K,K〉 is an n-core of F. By theorem 10.1,
there exists a deformation of F to a closed star-finite interior Nn-cover F0 of X such
that 〈K,K〉 is an exact n-core of F0. Since Z is disjoint from K, by letting L = K
when applying theorem 10.1, we may require that F0 is equal to F on a neighborhood
of Z. We may also require that the deformation is so small, that F0 ≺ stG F. Observe
that 〈K0,K0〉 is an exact n-core of F0 as well.
Order J × N into a sequence {(Jq, mq)}q∈N. For each q ∈ N let Cq = im Φ̂
Jq
mq and
let Dq = Φ̂
Jq
mq(B
k+1 × {1}) be the upper base of Cq. By the construction of Φ̂Jm’s,
there exists a discrete collection {Uq}q∈N of open subsets of X such that Dq ⊂ Uq and
Uq ∩ (K0 ∪
⋃
r 6=q Cr) = ∅ for each q ∈ N. By the construction, Dq ⊂ stF G
Jq
mq , hence
we may require (and we do) that Uq ⊂ st
2
F G
Jq
mq (we use the assumption that F is an
interior cover that refines G). By proposition 3.2 and by corollary 3.7, there exists
an approximation of the identity on Uq within F0 by a closed embedding hq : Uq →
Uq with image disjoint from Dq. By lemma 4.1 we may require (and we do) that
idX\Uq ∪ hq is a closed embedding into X . Let Vq = Uq \ hq(Uq). By the construction,
Vq is an open neighborhood of Dq.
We shall recursively construct a sequence of closed interiorNn-covers Fq = {F
q
i }i∈I
of X , q ≥ 1, that are isomorphic to F0 and satisfy the following conditions.
(5) There exists an exact n-core Kq of Fq such that Kq−1 ∪ Cq is a subcomplex of
Kq and Kq \ (Kq−1 ∪ Cq) ⊂ Vq.
(6) Fq is equal to Fq−1 on Cq ∪ (X \ Vq).
(7) The inclusion Kq−1∩F
q−1
J ⊂ Kq∩F
q
J induces epimorphisms on homotopy groups
of dimensions less than or equal to k.
(8) ϕ
Jq
mq is a trivial hole in Fq.
Before we will do the construction, we will show that under these conditions the
limit F∞ = limq→∞Fq (see definition 4.2) is a cover that satisfies assertion of the
lemma. By the construction, F is isomorphic to F0 and we required that F0 is
isomorphic to Fq for each q ≥ 1. By (6) and by the assumption that the collection
{Vq} is discrete, the sequence Fq stabilizes locally, so if elements of F∞ intersect,
then the corresponding elements of Fq intersect for large enough q. By (5), F∞ is
equal to F0 on K0 and by the construction, K0 is an exact core of F0, hence for each
J ∈ J the intersection K0∩F 0J = K0∩F
∞
J is non-empty. Therefore if elements of F0
intersect, then the corresponding elements of F∞ intersect. Hence F∞ is isomorphic
to F. As we noted, the sequence Fq stabilizes locally, hence by theorem 2.18, F∞ is
a closed interior Nn-cover of X . Let V = {Vq}q≥1. By the construction, F0 ≺ stF F
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and F∞ ≺ stV F0. We assumed that V ≺ st
2
F G, hence F∞ ≺ stst2F G stF F. By a direct
computation, F∞ ≺ stst3
F
G F. What is left to do is to show that F∞ is a (k+1)-regular
cover.
Let K∞ =
⋃
q≥1Kq. Let fq : X → X be a closed embedding defined as the identity
on X \
⋃
r>q Ur and by the formula fq(x) = hr(x) for each x ∈ Ur with r > q. Let
Hq = {H
q
i }i∈I and let H
q
i = fq(F
q
i ) for each i ∈ I. Observe thatHq is a closed interior
Nn-cover of X \
⋃
r>q Vr and Kq is its exact n-core. Also, Hk is equal to Hk−1 on
X \ Uk and Hk−1 is a shrinking of Hk on Uk \ Vk. By lemma 10.8, K∞ is an exact
n-core of limq→∞Hk. Observe that limq→∞Hq = F∞, so K∞ is also an exact n-core
of F∞. Observe that if J ∈ J , then K∞ ∩ F∞J =
⋃
q≥1Kq ∩ F
q
J . By the assumptions,
K0∩F 0J has trivial homotopy groups up to dimension k, so by (8), Kq∩F
q
J has trivial
homotopy groups up to dimension k. Hence K∞ ∩ F∞J has trivial homotopy groups
up to dimension k, so F∞ is k-regular. To see that it is (k + 1)-regular consider a
map ϕ : Sk → F∞J . Since K∞ is an exact n-core of F∞, ϕ is homotopic in F
∞
J with
a map ϕ′ : Sk → F∞J ∩K∞. Since the image of ϕ
′ is compact, it lies in Kq ∩ F∞J for
some q ≥ 1. It follows from (6) and from the assumption that Uq is disjoint from
K0 ∪
⋃
r 6=q Cq that Kq ∩ F
∞
J = Kq ∩ F
q
J . By (7), the inclusion K0 ∩ F
0
J ⊂ Kq ∩ F
q
J
induces an epimorphism on k-dimensional homotopy groups. Hence ϕ′ is homotopic,
inKq∩F
q
J , with a finite product of ϕ
J
m’s, for somem ∈ N. By (8), ϕ
J
m is contractible in
Kr∩F rJ ⊂ K∞∩F
∞
J for r such that J = Jr and m = mr. Hence F∞ is (k+1)-regular.
(a) (b)
Figure 11.2: After patching of ξ1, ξ2 becomes a small hole in the middle set.
The construction of Fq. Assume that we already constructed Fq−1. Let F0q−1 =
Fq−1 and let K0q−1 = Kq−1 ∪ Cq. By the construction, K
0
q−1 is an exact n-core
of F0q−1. Let l = l
Jq−1
mq−1 . We shall construct a finite sequence F
1
q−1,F
2
q−1, . . . ,F
l
q−1
of closed interior Nn-covers of X that are isomorphic to Fq−1 and satisfy the the
following conditions for each 0 < m ≤ l. Below we let Fmq−1 = {F
m,q−1
i }i∈I , F
m,q−1
J =⋂
i∈J F
m,q−1
i for each J ∈ J and ξm = Φ
Jq
mq(xm/l).
(9) There exists an exact n-core Kmq−1 of F
m
q−1 such that K
m−1
q−1 is a subcomplex of
Kmq−1 and K
m
q−1 \K
m−1
q−1 ⊂ Vq.
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(10) Fmq−1 is equal to F
m−1
q−1 on K
m−1
q−1 ∪ (X \ Vq).
(11) The inclusion Km−1q−1 ∩ F
m−1,q−1
J ⊂ K
m
q−1 ∩ F
m,q−1
J induces epimorphisms on
homotopy groups of dimensions less than or equal to k.
(12) ξm is a trivial hole in Fmq−1.
Obviously, F lq−1 is a cover Fq that we are looking for. Assume that we already
contructed Fm−1q−1 and K
m−1
q−1 . By the construction, the collection {A
j
l }1≤j≤l of subsets
of Dq refines F
m−1
q−1 . Hence for some J ∈ J , ξm is homotopic with ξm−1 in F
m−1,q−1
J .
By (12), ξm−1 is a trivial hole in F
m−1
q−1 , hence ξm is a small hole in F
m−1
q−1 . Let Bm
be the “obvious” contraction of ξm (cf. figure 11.2). By lemma 11.6, there exists
a closed interior Nn-cover Fmq−1 obtained from F
m−1
q−1 by patching of Bm in Vq. We
let Kmq−1 to be an exact n-core of F
m
q−1 that satisfies conditions of the definition of a
cover obtained by patching. A direct verification shows that conditions (9)-(12) are
satisfied. We are done.
Remark 11.11. If G = stq E, then the cover constructed in lemma 11.10 refines
st21q+10 E. It is beause F refines G, the constructed cover refines stst3
F
G F and
stst3
F
G F ≺ stst3
G
G st
3
G G = st st
3 G = st10 G,
the last equality by lemma 2.2. By the same lemma, st10 stq E = st21q+10 E.
As an application we show that every n-semiregular cover is ⊚0-contractible, prov-
ing theorem 6.7 for k = 0.
11.3 Proof of theorem 6.7 for k = 0
Let F = {Fi}i∈I be an n-semiregular (n > 0) closed star-finite interior Nn-cover
n-contractible in a closed cover E . By the assumption that F is n-semiregular, there
exists an anticanonical map λ of F. By the definition, every approximation within F
of λ is an anticanonical map of F. Hence by theorem 3.6, we may assume that λ
is a closed embedding. Fix a non-empty subset J of I. Let σJ be a barycenter of
a simplex of the nerve of F that is spanned by vertices corresponding to elements
of F that are indexed by J . We let c0 = λ(σJ) be the base point of FJ . By the
assumption, F is an Nn-cover and n > 0, so FJ is separable and locally connected,
hence there are only countably many connected components of FJ . Let c1, c2, . . . be a
sequence of points of FJ such that every connected component of FJ has an element
in the sequence. A set of maps ϕk : S
0 → FJ that map 1 to c0 and −1 to ck generates
pi0(FJ). We will show that for each k, ϕk is ⊚F-contractible in an element of st E.
By the assumption that F is n-contractible in E, there exists a path γ : [0, 1]→ X
that connects ck with c0 inside an element of E, i.e. such that γ(0) = ck, γ(1) = c0
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and im γ is a subset of some E ∈ E. Since F is an interior cover, there exists a positive
integer l such that {γ([(m−1)/l,m/l])}0<m≤l refines F. For each 0 < m ≤ l, let jm be
an element of I such that γ([(m− 1)/l,m/l]) ⊂ Fjm. Without a loss of generality we
may assume that γ is constant on small neighborhoods of 0 and 1, so we may assume
that j1 and jl are elements of J . Consider a function [(m−1)/l,m/l] 7→ λ(bst v(Fjm))
defined on a collection {[(m − 1)/l,m/l]}0<m≤l. It is a carrier and a constant map
β : {0, 1} → X that maps 0 and 1 to c0 is carried by it. By lemma 5.3, the cover of the
nerve of F by barycentric stars of its vertices is regular for the class of metric spaces,
hence by the carrier theorem, β can be extended over [0, 1] to a map β : [0, 1] → X
such that β([(m − 1)/l,m/l]) ⊂ λ(bst v(Fjm)) ⊂ Fjm for each 0 < m ≤ l. Let
Φ : [−1, 1]→ X be a map defined by the formula
Φ(x) =
{
γ(x+ 1) x ∈ [−1, 0]
β(x) x ∈ [0, 1]
.
This map is a ⊚F-contraction of ϕ directly from the definition. The image of Φ is
contained in stF im γ, im γ is contained in an element of E and F refines E, hence the
image of Φ is contained in an element of st E.
We proved that F is ⊚0-contractible in st E. By lemma 11.10 and by remark 11.11,
there exists a 1-regular n-semiregular closed interior Nn-cover of X that is isomorphic
to F, that refines st31 E and that is equal to F on some open neighborhood of Z. We
are done.
11.4 ⋒-Contractibility
Definition. Let F and G be covers of a space X . Let A be a subspace of X . Let ϕ be
a map of a pair (Bk, Sk−1) into a pair (X,A). We say that ϕ is ⋒F-contractible to A
in G if it admits a homotopy Φ : (Bk, Sk−1)× [0, 1]→ (X,A) with a constant map and
such that the image of Φ lies in an element of G and for some integer l, the collection
{Bk × [(m − 1)/l,m/l]}1≤m≤l refines Φ−1(F). We shall call Φ a ⋒F-contraction of ϕ
to A in G.
Definition. Let 0 < k < n and let A be a subspace of a space X . Let F = {Fi}i∈I be
a cover of X . Assume that each non-empty FJ has a basepoint xJ in the intersection
FJ ∩ A. We say that F is ⋒k-contractible to A in a cover G if for each non-empty
subset J of I such that FJ is non-empty there exists a set of maps {ϕ
J
m : (B
k, Sk−1)→
(FJ , FJ ∩A)}m≥1 that are ⋒F-contractible in G and such that i−1∗ ({ϕ
J
m}m≥1) generates
pik(FJ), where i∗ : pik(FJ) → pik(FJ , FJ ∩ A) is a function induced by the inclusion
(FJ , xJ) ⊂ (FJ , FJ ∩A).
Lemma 11.12. Let 0 < k < n and let A be a subspace of a space X. Let F = {Fi}i∈I
be a cover of X. As usual, let FJ =
⋂
i∈J Fi for each non-empty subset J of I. Assume
that each non-empty FJ has a base-point xJ in the intersection FJ ∩ A. Let G be a
Chapter 11: Proof of theorem 6.7 89
closed cover of X. Assume that for each non-empty subset J of I the (k − 1)th
homotopy group of A∩ FJ is trivial and that the inclusion of A∩ FJ into FJ induces
a trivial (zero) homomorphism on kth homotopy groups. If F is ⋒k-contractible to A
in G, then F is ⊚k-contractible in stG.
Proof. Fix m ≥ 1 and fix a non-empty J ⊂ I such that FJ 6= ∅. Let {ϕJm}m≥1 be
a set of generators of pik(FJ) such that compositions ϕ
J
m ◦ ξ are ⋒F-contractible to
A in G. Pick ϕ = ϕJm. We will show that ϕ is ⊚F-contractible in stG, thus proving
the assertion directly from the definition of ⊚k-contractibility. Let B
k
+ be the north
hemisphere of Sk, let Bk− be the south hemisphere of S
k and let Sk−1 = Bk+ ∩ B
k
− be
the equator of Sk. Without a loss of generality, we may let Bk+ denote the domain of
ϕ. Let Φ be a ⋒F-contraction to A of ϕ ◦ ξ in some element G of G. It is a homotopy
of ϕ with a constant map. For 0 ≤ t ≤ 1 we let Φt : Bk+ → X denote Φ restricted to a
time t. By the definition of ⋒F-contraction to A, for each t, Φt(S
k−1) ⊂ A and there
exists a positive integer l and a sequence of elements j1, j2, . . . , jl ∈ I such that
(*) Φt ⊂ Fjq for each 0 < q ≤ l and each t such that (q − 1)/l ≤ t ≤ q/l.
We will extend Φ over Bk− × [0, 1] to a ⊚F-contraction of ϕ.
By the definition, Φ0 restricted to S
k−1 × {0} is constant. We extend Φ0 onto
Bk−×{0} to be constant as well, with value determined by the value of Φ on S
k−1×{0}.
Again by the definition, Φ1 restricted to S
k−1×{1} is constant and we extend Φ1 onto
Bk−×{1} to be a constant map. For each integer 0 < q < l, Φq/l maps S
k−1×{q/l} into
Fjq−1 ∩Fjq ∩A. By the assumptions, this restriction is contractible in Fjq−1 ∩Fjq ∩A.
We extend Φ over Bk− × {q/l} to be any such contraction. For each 0 < q ≤ l, the
(extended) map Φ|Sk−1×[(q−1)/l,q/l]∪Bk−×{(q−1)/l,q/l} is a map from a k-dimensional sphere
into A ∩ Fjq . By the assumptions, every such map extends over B
k
− × [(q − 1)/l, q/l]
to a map into Fjq . We define an extension of Φ onto B
k
− × [(q − 1)/l, q/l] to be any
such extension.
From the construction, the extended Φ is a ⊚F-contraction of Φ0 and Φ0 is homo-
topic with ϕ in FJ . Its image lies in stF G. Since F refines G, it is a ⊚F-contraction
in stG.
Example 11.13. Let F = {Fi}i∈I be a cover of a space X . Assume that F admits an
anticanonical map λ that is a closed embedding and such that λ(bst v(Fi)) = Fi∩imλ
for each i ∈ I. By lemma 11.12, if F is ⋒k-contractible to imλ in G, then F is ⊚k-
contractible in stG.
11.5 Patching of large holes
Definition 11.14. Let F = {Fi}i∈I be a cover of a space X and let FJ =
⋂
i∈J Fi
for each non-empty subset J of I. Let τ be the set of simplices of a triangulated
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k-dimensional sphere Sk. Let ϕ : Sk → FJ be a k-hole in FJ . Let
C =
(
Sk × [−1, 1]× {0}) ∪ ((Sk)(k−2) × [−1, 1]× [0, 1]
)
,
where (Sk)(k−2) denotes the (k − 2)-dimensional skeleton of Sk (empty if k = 1). We
say that a map Φ : C → X is a patch for ϕ if the following conditions are satisfied.
(1) Φ restricted to Sk = Sk × {−1} × {0} is equal to ϕ,
(2) Φ restricted to Sk × {1} × {0} is a trivial hole in FJ ,
(3) there is an integer l such that the collection
{Φ((δ × Bm,l) ∩ domΦ) : δ ∈ τ, 1 ≤ m ≤ l}
refines F, where Bm,l = {x ∈ [−1, 1]× [0, 1] : |x|∞ ∈ [
m−1
l
, m
l
]} (see figure 11.3).
−1 1
m−1
l
m
l
1
0
Bm,l
∂Bm,l
−m
l
−m+1
l
m−1
l
m
l
Figure 11.3: Bm,l = {x ∈ [−1, 1]× [0, 1] : |x|∞ ∈ [
m−1
l
, m
l
]}.
Remark 11.15. Let F = {Fi}i∈I . If Φ is a patch for a k-hole ϕ if F, then by the
definition there exists a triangulation τ of Sk and an integer l such that the collection{⋃
{δ ×Bm,l : δ ∈ τ, 1 ≤ m ≤ l, Φ(δ × Bm,l) ⊂ Fi}
}
i∈I
is a cover of the domain of Φ by subcomplexes. We can always replace Φ by another
patch such that this collection (possibly for a finer triangulation τ and a larger inte-
ger l) is an interior cover of the domain of Φ. The new patch can be obtained by a
reparametrization of Φ. In particular, we may assume that its image is equal to the
image of Φ.
We’ll prove below two lemmas. The first of them states that every hole in F
admits a patch the size of which is controlled, while the next lemma enables one to
use this patch to patch the hole. Some new holes may be added in the process, but
they will be handled by lemma 11.12.
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Lemma 11.16. If F is a star-finite n-semiregular interior cover that is n-contractible
in a cover E and ϕ is a k-hole in F for some k < n, then ϕ has a patch whose image
is contained in an element of st E, for some sufficiently fine triangulation of Sk.
Proof. We denote the underlying space by X . Let F = {Fi}i∈I and let ϕ : Sk → FJ
be a k-hole in FJ for some non-empty J ⊂ I. Identify Sk with Sk × {−1} × {0} and
let Φ : Sk × {−1} × {0} → X to be equal to ϕ. We’ll extend Φ consecutively onto
Sk × [−1, 0]× {0}, Sk × [0, 1]× {0} and (Sk)(k−2) × [−1, 1]× [0, 1] to obtain a patch
for ϕ. We shall fix a triangulation of Sk after the first extension. In the first step
we will use the assumption that F is n-contractible in E; in the second step that it is
n-semiregular; in the third step that it is k-regular.
First step. Let C1 = S
k × [−1, 0]×{0}. Let λ be an anticanonical map of F. For
each element F of F we let v(F ) be the vertex in the nerve of F that corresponds
to F . Let σJ be the barycenter of a simplex of N(F) spanned by the vertices v(Fj),
j ∈ J . We define Φ on Sk×{0}×{0} to be a constant map with value λ(σJ ). Since F
is n-contractible in E and Φ (so far defined) has image contained in FJ and a domain
whose dimension is less than n, Φ extends over C1 to a map with image contained in
some element of E. We define Φ on C1 to be any such extension.
Second step. Let C2 = S
k× [0, 1]×{0}. We first fix a triangulation τ of Sk and an
integer l such that for every 1 ≤ m ≤ l and every δ ∈ τ the set Φ(δ × [−m/l, (−m +
1)/l])× {0} is a subset of Fiδ,m for some iδ,m ∈ I. Such a pair exists because F is an
interior cover and C1 is compact. Without a loss of generality we may assume that
iδ,1 ∈ J and iδ,l ∈ J for each δ ∈ τ . A function that assigns bst v(Fiδ,m) to a subset
δ× [(m−1)/l,m/l]×{0} of C2 is a carrier. A constant map on Sk×{0, 1}×{0} with
value σJ is carried by it. By lemma 5.3, the cover of the nerve of F by barycentric
stars of vertices is n-regular. Therefore by the carrier theorem, the constant map
extends over C2 to a map that maps δ× [(m− 1)/l,m/l])×{0} into bst v(Fiδ,m). We
define Φ on C2 to be a composition with λ of any such extension.
Third step. Let C3 = (S
k)(k−2)×[−1, 1]×[0, 1]. By the construction, Φ((C1∪C2)∩
(δ×Bm,l)) ⊂ Fiδ,m for each δ ∈ τ and 1 ≤ m ≤ l. Therefore the map δ×Bm,l 7→ Fiδ,m
is a carrier. By assumptions F is a k-regular cover and by the definition C3 is k-
dimensional. Hence by the carrier theorem, Φ extends over C3 to a map carried by
this carrier. We define Φ on C3 to be any such extension.
By the construction Φ is a patch for ϕ. Observe that Φ(C1) is contained in some
element of E. Therefore by condition (3) of the definition of a patch, since F refines
E, the image of Φ must be contained in an element of st E.
Lemma 11.17. Let 0 < k < n. Let F = {Fi}i∈I be a closed countable k-regular
star-finite interior Nn-cover of a space X. Let J be a nonempty subset of I and let ϕ
be a closed embedding of Sk into FJ =
⋂
i∈I Fi. Let Φ be a closed embedding and a
patch for ϕ. Let L be an exact n-core of F such that imΦ is a subcomplex of L. Let
A be a subcomplex of L such that imΦ is a subcomplex of A. Let H be a cover of L
such that F/L is ⋒k-contractible to A in H. For every neighborhood U of imΦ there
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exists a cover G of X and an exact n-core K of G such that the following conditions
are satisfied.
(1) G is a k-regular closed interior Nn-cover of X that is isomorphic to F and is
equal to F on L ∪ (X \ U),
(2) L is a subcomplex of K and K \ L ⊂ U ,
(3) G/K is ⋒k-contractible to A in H ∪ {U ∩K},
(4) the element ϕ of pik(L ∩ FJ) = pik(L ∩GJ) becomes 0 in pik(K ∩GJ).
In the next section we apply lemma 11.17 recursively as to kill all generators of
pik(L∩FJ ), J ⊂ I, to be able to use lemma 11.12 and reduce the proof of theorem 6.7
to the previously solved case of ⊚k-contractible covers.
Proof. Let τ be a set of simplices of Sk and let l be a positive integer such that
conditions of definition 11.14 are satisfied for Φ. Order (k− 1)-dimensional simplices
from τ into a sequence δ0, δ1, . . . , δq. Let C0,0 denote the domain of Φ. For each
0 ≤ p ≤ q and for each 1 ≤ m ≤ l, let Cp,m be a simplicial complex defined recursively
by the identity Cp,m = Cp,m−1 ∪ (δp ×Bm,l) with Cp,0 identified with Cp−1,l for p > 0.
Note that
Cq,l = (S
k × [−1, 1]× {0}) ∪
(
(Sk)(k−1) × [−1, 1]× [0, 1]
)
and compare Cq,l with complex C from definition 11.14. Let Dp,m = (δp × Bm,l) ∩
Cp,m−1 for each 0 ≤ p ≤ q and each 0 < m ≤ l.
(a) (b)
Figure 11.4: Patching of (k − 1)-holes.
Since Φ is an embedding, we may identify C0,0 with the image of Φ and treat it
as a subcomplex of L. Below we shall recursively embed Cp,m’s into X and we will
use same symbols to denote images of these embeddings. Let F0,0 = F and L0,0 = L.
We shall recursively construct a sequence of covers Fp,m = {F
p,m
i }i∈I and their exact
n-cores Lp,m in such a way that the following conditions are satisfied (Lp,0 is identified
with Lp−1,l for each p > 0).
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(i) Fp,m is a k-regular closed interior Nn-cover of X that is isomorphic to F and is
equal to F on L ∪ (X \ U),
(ii) Cp,m is embedded into X in such a way that Lp,m = Lp,m−1 ∪ Cp,m and Cp,m is
a subset of U ,
(iii) Fp,m/Lp,m is ⋒k-contractible to A in H ∪ {U ∩ Lp,m},
(iv) ifDp,m ⊂ F
p,m−1
i , then δp×Bm,l ⊂ F
p,m
i ; if ∂Dp,m ⊂ F
p,m−1
i , then Bp,m+1 ⊂ F
p,m
i .
Identify Fp,0 with Fp−1,l for each p > 0 and assume that we already contructed
Fp,m−1. By conditions (i) and (iv), conditions of lemma 11.6 are satisfied with F =
Fp,m−1, K = Lp,m−1 and B = Bp,m. Hence there exists a closed interior Nn-cover
Fp,m with an exact n-core Lp,m that is obtained from Fp,m−1 by patching of Bp,m in
U . We may identify Cp,m \Cp,m−1 with Lp,m \Lp,m−1, as these sets are homeomorphic
by the definitions. Conditions (i), (ii), (iii) and (iv) are satisfied directly from the
definitions.
Order k-dimensional simplices of τ into a sequence ∆0,∆1, . . . ,∆Q. Let E0,0 =
Cq,l. For each 0 ≤ p ≤ Q and for each 1 ≤ m ≤ l, let Ep,m be a simplicial complex
defined recursively by the identity Ep,m = Ep,m−1∪ (∆p×Bm,l) if k < n− 1 or by the
identity Ep,m = Ep,m−1 ∪ (∆p × ∂Bm,l) if k = n − 1. In either case we identify Ep,0
with Ep−1,l for each p > 0. Let Fp,m = (∆p × Bm,l) ∩ Ep,m−1 for each 0 ≤ p ≤ Q and
each 0 < m ≤ l.
(a) (b)
Figure 11.5: Patching of k-holes.
By the definition, E0,0 is a subset of X . Below we shall recursively embed Ep,m’s
into X and we will use same symbols to denote images of these embeddings. Let
G0,0 = Fq,l and let K0,0 = Lq,l. We shall recursively construct a sequence of covers
Gp,m = {G
p,m
i }i∈I and their exact n-cores Kp,m in such a way that the following
conditions are satisfied (Kp,0 is identified with Kp−1,l for each p > 0).
(I) Gp,m is a k-regular closed interior Nn-cover of X that is isomorphic to F and
is equal to F on L ∪ (X \ U),
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(II) Ep,m is embedded into X in such a way that Kp,m = Kp,m−1 ∪ Ep,m and Ep,m
is a subset of U .
(III) Gp,m/Kp,m is ⋒k-contractible to A in H ∪ {U ∩Kp,m},
(IV) if Fp,m ⊂ G
p,m−1
i , then ∆p × Bm,l ⊂ G
p,m
i if k < n− 1 and ∆p × ∂Ep,m ⊂ G
p,m
i
if k = n− 1; if ∂Fp,m ⊂ G
p,m−1
i , then Fp,m+1 ⊂ G
p,m
i .
Again, we obtain Gp,m from Gp,m−1 by patching of Ep,m in U . All four conditions
are verified easily.
Let G = GQ,l and K = KQ,l. Observe that if imϕ ⊂ Fi for i in I, then by (iv) and
(IV), for every simplex δ ∈ τ , δ × {x ∈ [−1, 1] × [0, 1] : |x|∞ = 1} ⊂ G
Q,l
i . Hence ϕ
is contractible in GQ,li . By (I), (II) and (III), G satisfies conditions (1), (2) and (3) of
the lemma. We are done.
11.6 Proof of theorem 6.7 for k > 0
Let F = {Fi}i∈I be a k-regular n-semiregular (0 < k < n) closed countable star-
finite interior Nn-cover of a space X . Assume that F is n-contractible in a closed
cover E of X . Let Z be a Z(F)-set. We shall construct a closed (k + 1)-regular
n-semiregular closed countable star-finite interior Nn-cover of X that refines st472 E,
that is isomorphic to F and that is equal to F on a neighborhood of Z.
Let J be a set of those non-empty subsets J of I, for which the intersection FJ =⋂
i∈I Fi is non-empty. The set J is countable, because F is countable and locally finite.
By proposition 2.5, the set of homotopy classes of maps from Sk into FJ is countable
for each J in J . Hence there exists a sequence Jm of elements of J and a sequence
of maps ϕm : S
k → FJm such that for each J ∈ J , the set {ϕm}m≥1,Jm=J contains
elements from all homotopy classes of maps from Sk into FJ . By lemma 11.16, for each
ϕm there exists a patch Φm whose image is contained in an element of st E. We assume
that the assertion of remark 11.15 is true for Φm, i.e. that the collection defined in
its statement is an interior cover of Φm. Let O be an open cover of X obtained
via lemma 10.4 applied to F. Let Φ be a disjoint union of Φm’s. By theorem 2.10,
the domain of Φ is Polish. By theorem 3.6, there exists a O-approximation Ψ of Φ
within F by a closed embedding. By proposition 3.2 and by corollary 3.7, we may
assume that the image of Ψ is disjoint from Z. By a slight abuse of notation, we
may let Ψm denote the restriction of Ψ to the domain of Φm and let ψm denote the
restriction of Ψ to the domain of ϕm. By the construction, the collection of images of
Ψm’s is discrete in X , ψm maps S
k into FJm , for each J in J the set {ψm}m≥1,Jm=J
contains elements from all homotopy classes of maps from Sk into FJ , Ψm is a patch
for ψm and the image of Ψm is contained in stF E.
Let τm be a triangulation of S
k and let lm be an integer such that Ψm satisfies
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conditions of the definition of a patch for τ = τm and l = lm. Let M = imΨ and let
M =
{
Mi =
⋃
{Φ(δ × Bm,lm) : δ ∈ τm, 1 ≤ m ≤ lm, Φ(δ × Bm,lm) ⊂ Fi}
}
i∈I
.
By the assumption we made on Φm’s,M is an interior cover ofM . By the definition,
it refines F. Hence by theorem 10.5, there exists an n-core 〈L0,L0〉 of F such thatM
is a subcomplex of L0 and such that L0 is equal to M on M . Let L˜ be a disjoint
union L0 ⊔
⊔
m≥1(imΦm × [0, 1]), divided by an equivalence relation that for each
m ≥ 1 identifies imΦm ⊂ L0 with imΦm×{0} ⊂ imΦm× [0, 1]. Let p˜ be a restriction
to the n-dimensional skeleton of L˜ of a natural projection from L˜ onto L0. By
theorem 3.6, there exists an approximation of p˜ within F relL0 by a closed embedding
p. By proposition 3.2 and by corollary 3.7, we may assume that the image of p is
disjoint from Z. We let L = {p(p˜−1(Li0))}i∈I . We let L = im p. We let Lm =
Lm−1∪p(p˜−1(imΨm)). By the construction, for each m ≥ 0, 〈Lm,L/Lm〉 is an n-core
of F. Let Ξ˜m be the unique map onto imΦm × {1} such that p ◦ Ξm = Φm and let
ξ˜m be the unique map onto imϕm × {1} such that p ◦ ξm = ϕm. Let Ξm = p ◦ Ξ˜m
and let ξm = p ◦ ξ˜m. By the construction, Ξm is an approximation of Ψm within F.
Hence Ξm is a patch for ξm. The image of Ψm lies in an element of stF E and so
does the image of Ξm. By the construction, ξm is homotopic with ψm in FJm . Let
U = {Um}m≥1 be a discrete collection of open subsets of X such that imΞm ⊂ Um,
Um ∩ Z = ∅, Lm−1 ∩ Um = ∅ and (Lm+1 \ Lm) ∩ Um = ∅ for each m ≥ 1. Since the
collection {imΞm}m≥1 refines stF E, we may assume that U refines st2F E, because F
is an interior cover (which implies that for each set A, stF A is a neighborhood of A).
L0
U1
U2
imΦ1
imΦ2
imΞ1
imΞ2
L2 \ L1
L1 \ L0
Figure 11.6: Some of the sets constructed in the proof of theorem 6.7.
By theorem 10.1, there exists a deformation of F to a closed interior Nn-cover
F−1 = {F
−1
i }i∈I of X with an exact n-core 〈L,L〉. We may assume that F−1 is equal
to F on a neighborhood of Z and that F−1 refines stF. By the construction, each Ξm
is a patch for ξm and for each J ∈ J , the set {ξm}m≥1,Jm=J contains elements from
all homotopy classes of maps from Sk into FJ .
By lemma 4.1, for each m ≥ 1 there exists an open cover Um of Um such that every
map from Um into Um that is Um-close to the identity on Um extends continuously by
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the identity on X \Um. By theorem 2.18, each Um is an Nn-space and by remark 3.5,
imΞm is a Z(F/Um)-set in Um. By corollary 3.7, there exists a Um-approximation
hm : Um → Um within F−1 of the identity on Um by a closed embedding with image
disjoint from imΞm. We let Vm = Um \ imhm. Note that Vm is an open neighborhood
of imΞm. For each m ≥ 0, let Hm : X → X \
⋃
l>m Vl be a homeomorphism defined
by the formula
Hm(x) =
{
hl(x) x ∈ Ul and l > m
x x ∈ X \
⋃
l>m Ul
.
Let F0 = {F
0
i = H0(F
−1
i )}i∈I . Observe that L0 is an exact n-core of F0. We let
K0 = L0. By the construction, Hm is an approximation within F−1 of the identity
on X , hence F0 refines F−1. Hence F0 refines stF.
We shall recursively construct a sequence of closed interior Nn-covers Fm =
{Fmi }i∈I of X \
⋃
l>m Vl such that
(i) Fm is k-regular and is isomorphic to Fm−1,
(ii) ξm is a trivial hole in F
m
Jm ,
(iii) Fm is ⋒k-contractible to Lm in st{Ul}l≤m F−1,
(iv) Fm is equal to Fm−1 on X \ Um and is its swelling on Um \ Vm,
(v) Fm has an exact n-core Km such that Lm is a subcomplex of Km and Km \
Km−1 ⊂ Vm.
Let m > 0 and assume that we already constructed Fm−1 and Km−1. Let Fm−1/2 =
{Fm−1/2i }i∈I with
F
m−1/2
i =
{
h−1m (x) x ∈ Um
x x ∈ X \ Um
.
The collection Fm−1/2 is a closed interior Nn-cover of X \
⋃
l>m Vl. Let Km−1/2 =
Km−1 ∪ Lm. By the construction, Km−1/2 is an exact n-core of Fm−1/2. Obviously,
Fm−1/2 is k-regular, is equal to Fm−1 on X \ Um and is its swelling on Um \ Vm. By
(iii), Fm−1 is ⋒k-contractible to Lm−1 in st{Ul}l<m F−1. Since Km−1 is an exact n-core
of Fm−1, this is equivalent to ⋒k-contractibility of Fm−1/Km−1 to Lm−1. Since Km−1
is an exact n-core of Fm−1/2 as well, Fm−1/2 is ⋒k-contractible to Lm−1 (and obviously
to Lm as well) in st{Ul}l<m F−1. Hence conditions of lemma 11.17 are satsified with
F = Fm−1/2, X = X \
⋃
l>m Vl, J = Jm, ϕ = ξm, Φ = Ξm, L = Km−1/2, L0 = Lm,
H = st{Ul}l<m F−1 and U = Um. Hence there exists a closed interior Nn-cover Fm
of X \
⋃
l>m Vl and an exact n-core Km of Fm that satisfy conditions (i)-(v). The
construction of the sequence Fm is done.
Take F∞ = limm→∞Fm. By the construction U is a discrete collection in X , hence
F∞ is a closed interior Nn-cover of X . We shall verify that
(0) F∞ is k-regular and is isomorphic to F,
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(1) for each J in J , the inclusion of L ∩ F∞J into F
∞
J induces a trivial (zero)
homomorphism on kth homotopy groups,
(2) F∞ is ⋒k-contractible to L in stU F−1.
If (0), (1) and (2) are satisfied, then by lemma 11.12, F∞ is ⊚k-contractible in
st stU F0. Observe that U refines st2F E, F−1 refines stF and stF refines stF E, hence
st stU F−1 refines st stst2
F
E st
2
F E = st st st
2
F E, which refines st st st
2 E = st st7 E = st22 E,
the last equalities by lemma 2.2. Then by lemma 11.10 and by remark 11.11, there
exists a (k+1)-regular closed interior Nn-cover that is isomorphic to F∞, that refines
st st21·22+10 E = st472 E and that is equal to F∞ on a neighborhood of Z. By the
construction, F∞ is isomorphic to F and equal to F on a neighborhood of Z. Hence
verification of (0), (1) and (2) will finish the proof.
By lemma 10.8, K∞ =
⋃
m≥0Km is an exact n-core of F∞. By the construction,
K∞ ∩ F∞J =
⋃
Km ∩ FmJ . Since Km is an exact n-core of Fm and Fm is k-regular,
each Km ∩F
m
J is l-connected for each l < k. Therefore
⋃
m≥0Km ∩F
m
J is l-connected
for each l < k. Since K∞ is an exact n-core of F∞, F∞ is k-regular. Condition (0) is
satisfied.
Let J in J . By the construction, the inclusion L0 ∩ F∞J ⊂ L ∩ F
∞
J is an n-
homotopy equivalence. Hence to prove (1), it suffices to check that the inclusion of
L0 ∩ F∞J into F
∞
J induces a trivial homomorphism on kth homotopy groups. Let ϕ
be a map from Sk into L0 ∩ F∞J . By the construction, ϕ is homotopic in L0 ∩ F
∞
J
with ξm for some m such that J = Jm. By (ii), ξm is nullhomotopic in Km ∩ FmJ .
Hence it is nullhomotopic in F∞J , as Km ∩ F
m
J ⊂ F
∞
J .
Every element of pik(F
∞
J ) is homotopic in F
∞
J with a map into F
∞
J ∩Km for some
m. Hence pik(F
∞
J ) is generated by maps into F
m
J ∩ Km. Such maps, in turn, are
⋒k-contractible to L in stU F−1, by (iii). Hence (2) is satisfied. We are done!
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